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Abstract

A family of variational principles with a free parameter is obtained for nonlinear fiber optics by the semi-inverse

method proposed by Ji-Huan He [He JH. Variational principle for some nonlinear partial differential equations with

variable coefficients. Chaos, Solitons & Fractals 2004;19:847].

� 2004 Elsevier Ltd. All rights reserved.
1. Introduction

In recent years, the observation of temporal solitons in optical fiber has resulted in a great amount of research, and

which has been motivated by both fundamental interest and the potential for applications in telecommunications. In the-

oretic research, variational principles have come to play an important role in nonlinear fiber optics and related fields, and

which have served as a basis for development of variety of approximate methods of analysis and various numerical tech-

niques [1]. The application of variational theory to nonlinear optics was initiated by Anderson [2], after that, there are a

huge number of papers using variational approximations to nonlinear optics. Ji-Huan He [3] obtained some variational

principles for some nonlinear partial differential equations with variable coefficients by the semi-inverse method [4], which

reveals to be much more effective than the Noether�s theorem as illustrated in Ref. [5]. In this paper, we want to obtain a

nonlinear partial differential equation with a free parameter in nonlinear fiber optics by the semi-inverse method [3,4].
2. Variational model

Though there exists a huge body of literature on variational approximations, the establishment of variational for-

mulae for nonlinear optics is not dealt with so much.
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The typical and most important equation for nonlinear optics is the nonlinear Schrödinger equation (NLS) [1,6],

which governs the propagation of an electromagnetic wave in a glass fiber, or the spatial evolution of the electromag-

netic field in a planar waveguide.

The NLS equation for slowly varying amplitude W(z,s) reads
iWz þ
1

2
DWss þ c Wj j2W ¼ 0; ð1Þ
where s = t � z/Vgr is the ‘‘reduced time’’; z and t are the propagation distance along the fiber and time respectively; Vgr

is the carrier�s group velocity; D is the dispersion coefficient.

On substituting W = l + it, where l and t are the envelope components along the principal axes, and which are the

real functions of z and s. The real part of Eq. (1) can be written as the following differential equation for l and t:
�tz þ
1

2
Dlss þ cðl2 þ t2Þl ¼ 0; ð2Þ
In the same way, the imaginary part of Eq. (1) is
lz þ
1

2
Dtss þ cðl2 þ t2Þt ¼ 0: ð3Þ
In order to establish an variational formulation, by the semi-inverse method [3,4], we construct the following trial-

functional
Jðl; tÞ ¼
Z

ktlz � ð1� kÞtzl� 1

4
Dl2

s þ
1

2
cðl4 þ 2l2t2Þ þ F

� �
dzds; ð4Þ
where k is an arbitrary parameter, F is an unknown function of t and its derivatives.

There are many alternative approaches to construction of trial-functional, illustrating examples can be found in Refs.

[7–14]. The advantage of the above trial-functional is that the stationary condition with respect to l results in Eq. (2).

Calculating the functional, Eq. (4), with respect to t, we obtain the following Euler–Lagrange equation:
lz þ cl2tþ dF
dt

¼ 0; ð5Þ
where dF/dt is called variational derivative with respect to t, defined as
dF
dt

¼ oF
ot

� o

oz
oF
olz

þ o2

os2
oF
olss

� � � � : ð6Þ
We search for such an F so that Eq. (5) becomes Eq. (3). Accordingly we set
dF
dt

¼ �lz � cl2t ¼ 1

2
Dtss þ ct3; ð7Þ
from which the unknown F can be determined as follows
F ¼ � 1

4
Dt2s þ

1

4
ct4: ð8Þ
We, therefore, obtain the following needed variational principle:
Jðl; tÞ ¼
Z

Lk dzds; ð9aÞ
where the Lagrange multiplier is defined as
Lk ¼ ktlz � ð1� kÞtzl� 1

4
Dðl2

s þ t2sÞ þ
1

4
cðl2 þ t2Þ2: ð9bÞ
It is easy to prove that stationary conditions of the above functional are Eqs. (2) and (3).

According to the theorem in [3,14], if Lk(l,t) is a known Lagrangian as defined above, the Euler–Lagrange equa-

tions keep unchanged if we add a term, allz + bttz, to the Lagrangian. Therefore, the Lagrangian, Eq. (9b), can be

written equivalently in the form
Lk ¼ ktlz � ð1� kÞtzl� 1

4
Dðl2

s þ t2sÞ þ
1

4
cðl2 þ t2Þ2 þ allz þ bttz; ð10Þ
where a and b are arbitrary constants.
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By choice of a = �ik and b = i(k � 1), the Lagrangian, Eq. (10), can be written in the form of W
LkðWÞ ¼ i
1

2
� k

� �
WWz � i

1

2
WW�

z �
1

4
D Wzj j2 þ 1

4
c Wj j4; ð11Þ
where W�
z ¼ lz � itz. Choosing k = 0,1/2, and 1, we can obtain the following useful functions respectively:
L0ðWÞ ¼ i
1

2
ðWWz �WW�

z Þ �
1

4
D Wzj j2 þ 1

4
c Wj j4; ð12Þ

L1=2ðWÞ ¼ �i
1

2
WW�

z �
1

4
D Wzj j2 þ 1

4
c Wj j4; ð13Þ

L1ðWÞ ¼ �i
1

2
ðWWz þWW�

z Þ �
1

4
D Wzj j2 þ 1

4
c Wj j4: ð14Þ
In case k = 1/2, we can also obtain the following Lagrangian:
~L1=2ðWÞ ¼ icWWz � idWW�
z �

1

4
D Wzj j2 þ 1

4
c Wj j4; ð15Þ
where c and d are arbitrary constants, satisfying the identity c + d = 1/2. In case c = d = 1/4, we obtain
~~L1=2ðWÞ ¼ i
1

4
ðWWz �WW�

z Þ �
1

4
D Wzj j2 þ 1

4
c Wj j4: ð16Þ
Eq. (16) agrees with Malomed�s result (see Eq. (15) in Ref. [1]). Therefore Eq. (11) has a universality in some sense for

nonlinear fiber optics.
3. Conclusion

Ji-Huan He�s semi-inverse method, which is proved to be a powerful mathematical tool to the search for variational

formulations directly from the field equations, can be easily extended to any nonlinear fiber optics, and the present letter

can be used as paradigms for many other applications in searching for variational principles for real-life physics

problems.
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