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abstract
The classic theory to derive the characteristic Rayleigh wavelength, i.e., the distance
between neighbouring droplets into which an originally cylindrical liquid body disintegrates, as a consequence of Rayleigh instability, is analysed in terms of the phenomenon
of self-organization due to the mechanism of ‘fastest forming instability’. The paper
aims at simulating this self-organization with Monte Carlo dynamics while accounting
spatial interactions in lattices of Markov Random Fields that enable also modelling of
Plateau–Rayleigh instability of instable mixtures of dispersed immiscible liquids. The Hammersley and Clifford theorem, concerning the general form of energy function, belonging
to Markov Random Fields, is introduced for detailed classification of a simple model used
for computer simulation. The relevant Auto-model, with Kawasaki dynamics, is chosen to
investigate the liquid jet and the instability of the liquid’s cylindrical film. The computersimulated outputs show encouraging agreement with the classic analytical predictions on
main features of the Rayleigh instability. The model is also used as a foundation stone for
developing a simple analytical approach for the estimation of Rayleigh wavelength of jets
and cylindrical films, composed of instable mixtures of immiscible liquids. Qualitatively,
the theory agrees with both computer simulation and experiment.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
Interactions of liquids, polymer melts and polymer solutions with fibrous systems, having highly curved surfaces and
formation of tiny liquid jets is critical in numerous commercial applications, such as, fibre manufacturing processes,
including electrospinning, wet chemical processes of fabrics, protective coating of wires, nonwoven fabrication, etc.
Furthermore, such interactions play a vital role in determining the performance of products, like, baby diapers, surgical
wipes, feminine hygiene products, hair cosmetics, scaffolds for tissue engineering and paper printings. In spite of wide and
common applications, it is quite surprising to find the theoretical description of wetting of fibrous systems to be still in its
early stage of development [1].
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Liquid interacts with a cylindrical surface less readily as compared to a flat surface of the same material [2]. Furthermore,
once a liquid film coats a fibre, the film will soon break down into small droplets, more or less regularly spaced along the
fibre, except for extremely thin liquid films that are stabilized by the intermolecular forces, such as, the Van der Waals
forces. It is well known that in homogeneous liquids, structure of such a chain of droplets, i.e. the typical dimension of the
droplets and the distance between them is nearly independent of the associated surface tension, γ , liquid viscosity, and is
governed almost completely by the initial radius, r0 , of the cylindrical liquid column. In other words, wetting behaviour of
fibres is typified by the instability or breakdown of the liquid columns, coating the fibre, that resembles the breakdown of
free cylindrical liquid columns, as initially described by Plateau [3] and Rayleigh [4]. Rayleigh showed the disintegration of
a liquid jet with radius, r0 , occurred due to perturbation caused by waves of various wavelengths, λ on the surface of the
liquid column, where λ is always greater than 2π r. Disintegration of the liquid’s cylindrical film develops at an avalanching
rate, obeying the mechanism of fastest forming instability. This phenomenon, called Plateau–Rayleigh instability, was later
studied by numerous researchers, both theoretically and experimentally, out of which reported here are those of Roe [2],
Tomotikov [5] and Meister [6], respectively.
The present analysis studies the break down of a continuous liquid cylinder, either in the form of a free liquid jet or,
a film covering a fibre, and the resultant detachment of the fragmented liquid into droplets with a particular emphasis
to study disruptive behaviour of instable mixtures of immiscible liquids. Initially, surfaces of revolution, called as Hsurfaces, with constant mean curvature, will be introduced to establish a stability criterion of various liquid bodies.
Subsequently, derivation of the wavelength, λe , critical to the onset of the breakdown of the liquid jets, will be estimated
using conservation of the system’s free energy. It will be shown as to why the wavelength of the dynamic phenomenon of the
Plateau–Rayleigh instability cannot be derived accurately on the basis of this simplified approach. Thereafter, the original
analysis of Rayleigh [4] will be slightly modified to interpret detachment of liquid columns in the frame of self-organization
by the mechanism of the fastest forming instability. The succeeding paragraph introduces noteworthy Hammersley and
Clifford theorem for deeper classification of the computer simulation model used for the purpose. Furthermore, a computer
algorithm, based on both Monte Carlo method and so-called Auto-model, with Kawasaki dynamics, will be described to
investigate the Plateau–Rayleigh instability for homogeneous liquid and instable liquid mixture. Eventually, the computersimulated outputs will be compared with the existing results and newly developed theoretical approach.
2. H -surfaces of revolution
In absence of external fields, like the gravity field, liquid jets or liquid films, covering cylindrical fibres possess, as a
rule, axial symmetry. A uniform capillary pressure everywhere inside the liquid body defines the equilibrium in such cases,
except in the very vicinity of the fibre surface, where the intermolecular forces inflict additional disjoining pressure [1]. For
mathematical simplicity, this disjoining pressure will be disregarded in the current analytical context of Rayleigh instability.
According to Young [7] and Laplace [8], the capillary pressure value, pc , depends on the two principal radii R1 and R2 of a
curved liquid–air interface, as given by
pc = γ



1

1



+
.
(1)
R1
R2
An immediate consequence of this relation for mechanical equilibrium of a liquid body is the constant value of the mean
curvature, K = (1/R1 + 1/R2 )/2, along the surface of the body. Rotationally symmetric surfaces of constant mean curvature
are called H-surfaces of revolution [9,10]. Plateau [3] demonstrated that there exist only six different species of such
H-surfaces of revolution: the flat plane, and catenoid with zero curvature; the sphere, the cylinder, the unduloid, and the
nodoid with nonzero value of the mean curvature.
The morphological changes of a liquid film on an isolated, straight and cylindrical fibre occur, particularly, between
cylinder and unduloid [11], as in the case of a droplet. Continuous cylindrical columns of liquid jets start disintegrating
and continue to do so till detached spheres are formed. Hence, original, as well as, resultant surfaces of liquid bodies,
considered in Plateau–Rayleigh instability, belong to the family of H-surfaces. So, only slow morphological changes, without
any vigorous manifestations of inertia, are normally considered and hence, Monte Carlo dynamics, used in our computer
simulation, seem to be appropriate to describe the development of the fastest forming instability.
3. Energy conservation and Rayleigh instability
A rough analysis of the Plateau–Rayleigh instability of free liquid columns can be done by associating the initial shape of
a liquid jet, which is originally cylindrical, with the final form of a chain of droplets, each with identical volume. So, for an
incompressible liquid holds:

π r02 λe =

4

π rd3 ,
(2)
3
where, λe is the length of the cylinder with original radius, ro , that is converted into one droplet of radius, rd . The volume
conservation between the cylinder and the sphere is assumed here. The value of λe , obtainable from the volume and surface
energy conservation laws, will be taken as the approximation of the Rayleigh wavelength, λ. The free energy of the liquid
is composed of two components. Firstly, one is associated with the surface tension, γ , i.e. the surface energy, γ S, while the
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Fig. 1. Dispersion law for the Rayleigh instability plots dimensionless angular frequency ω2 ρ r03 /γ against the dimensionless wave-number kr0 . The fastest
forming mode occurs for ∂ω2 /∂ (kr0 ) = 0 providing with the wavelength λ = 2.87π r0 .

last one is associated with the mechanical energy by means of capillary pressure, pc , and volume V , i.e., pc V . The last one
will be further referred to as pressure energy. Quantities, S and V are respectively the surface area and the volume of the
liquid bodies. A liquid column will spontaneously form a droplet/unduloid if its free energy is higher than the free energy
of a probable subsequent shape, approximated as sphere.
2π r0 λe γ + π r0 λe γ ≥ 4π rd2 γ +

8

π rd2 γ .
(3)
3
According to the previous remark, the left hand side of the Eq. (3) represents a cylinder’s free energy, while the right hand
side is the free energy belonging to the cylindrical liquid jet. From Eqs. (3) and (2), λe may be expressed as:
53 4

(4)
r0 ≈ 1.96π r0 .
34
A well known similar inequality was firstly established experimentally by Plateau [3], while observing the onset of
instability, marked with formation of spherical drops of oil in water, mixed with alcohol, from an elongated initial cylindrical
shape. According to Plateau, the instability started when the cylinder’s length, i.e. wavelength, λe , is between 1.99π r0 and
2.02π r0 , quite close to the present estimation. A similar study [12] ended up with the well-known inequality, λe > 2π r0 .
Thus, conclusively, a drop cannot be formed, when the wavelength is shorter than 2π r0 , since the surface energy of the drop
is always lower than that of the original smooth cylinder.
It is noteworthy that the exact value of the wavelength of the Rayleigh instability cannot be derived based merely on
the conservation of free energy. Transformation of the liquid body shape is coupled with dynamic mutation of its shape
and surface area, causing changes of both surface and kinetic energies. Some authors also mentioned entropy changes at
the liquid–gas interface [13]. Thus, the success of computer simulations of the Rayleigh instability, using the Auto-model,
as introduced later on, is, rather, due to the appropriate ‘‘quantum’’ dynamics represented by Markov Chain of states that
dissipates appropriately energy, than due to the ability of Auto-models to reveal Newtonian dynamics of the studied system.
The Plateau–Rayleigh instability of liquid jets is the consequence of a temporal development and magnification of
originally tiny perturbations, commonly known as the capillary waves [14,15]. Assuming that the perturbations are
harmonic surface waves, with assigned wavelengths, the following relation for one-dimensional propagation of the wavy
perturbation along the original cylindrical liquid column, coinciding with x-axis of cylindrical coordinate system, holds true:

λe ≥

r = ro + ε exp [i(kx − ωt )] .

(5)

In this relation, r is the radius of the liquid body as a function of space, x, and time, t. The symbol ro denotes original radius of
a perfectly cylindrical column, and ε is the initial amplitude of the perturbation. The angular frequency of the surface wave
is ω, and k is the wave-number (k = 2π λ−1 , where λg is the wavelength).
Starting with Euler equation in cylindrical coordinates that describes mechanical dynamics of ideal fluids, and
subsequently applying appropriate boundary conditions, where balance of normal stress on free liquid surface plays a critical
role, one comes to a dispersion relation (6) [14], that indicates the dependence of the angular frequency ω on the wavenumber, k.

ω2 =


γ I1 (kr0 )
kr0 1 − k2 r02 .
3
ρ r0 I0 (kr0 )

(6)

Liquid mass density is here denoted as ρ , while I0 (x) and I1 (x) are modified Bessel functions of the zero and first order. The
relationship among dimensionless quantities ω2 ρ r03 /γ and kr0 is depicted in Fig. 1. The parameter kr0 has a critical value at 1
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and, hence, the critical, previously mentioned, Plateau wavelength is λr = 2π r0 . Beyond this lower limit the square of the
angular frequency, ω2 , is negative and so, ω starts to be purely imaginary. The negative value of ω2 causes the imaginary part
of i.e., q = Im (ω) = −iω, to play the role of a growing factor of the amplitude. When ω2 < 0 the wave becomes stationary,
since, the imaginary argument of the exponential function in Eq. (5) loses its dependence on time, and the amplitude with
positive growing factor, q, starts to grow instantaneously as ε eqt .
r = ro + ε eqt exp [i (kx)] .

(7)

Self-organization, i.e. the detachment of a liquid column into equidistantly located droplets, governed by the mechanism of
the fastest forming instability, is due to the selection of the extreme value of the growing factor, q, that belongs to the minimal
value of ω2 . It is usually accepted that the resulting instability is entirely determined by the earliest state of the perturbations,
for which the Eq. (6) holds. As indicated in Fig. 1, the fastest forming mode occurs for ∂ω2 /∂ (kr0 ) = 0, when the wavelength
is λ = 2.87π r0 . This value is called Rayleigh wavelength. As will be shown in Section 4, it is noteworthy that the chosen Automodel and, particularly, its Monte Carlo dynamics follow this rule, obtained on the basis of hydrodynamic analysis of a liquid
column. This fact is surprising since the Auto-model does not involve any information about liquid density, particle velocity,
inertia and kinetic energy belonging to liquid motion, as opposed to the conventional methodology to derive governing
equations of Rayleigh instability, e.g., using dispersion law, as in Eq. (6).
4. Random Fields and the Markov Random Fields
It is believed that one of the great progresses in the field of statistical physics is the ability to combine the physics with
the informatics [16]. Here an attempt is presented to connect the mathematical description of Random Fields and Markov
Random Fields, used often for image recognition, with the models and methods used in Statistical physics to deal with the
present problem of Plateau–Rayleigh instability of immiscible liquids to demonstrate the robustness of such a combined
approach.
A Random Field may be briefly described through a lattice consisting of a set S = {s1 , s2 , . . . , sn } of n nodes (or sites).
Any two different nodes can be differentiated with their node indices, i and j. Each node, s i , from the set, S, is assigned a
random variable Xi . For a discrete random variable, a local state space, Λi , at a node, s i , may be defined, by a set of all local
random variable values {xi , yi , . . . , zi }. Local state spaces of all nodes form a global state space, Λ, in which each random
variable, Xi , is assigned an actual random variable value, xi , in each node s i . Then, a configuration vector, E
x, corresponding to
the global state space, Λ, is composed of all the random variable values E
x = (x1 , x2 , . . . , xn ). The probability, P (E
x), that the
system appears in the particular configuration, E
x, is referred to as the joint probability [17–19].
In Random Fields, all nodes interact with each other, while Markov Random Fields have a reduced set of interactions
between the nodes. Hence, for Markov Random fields, the probability that a variable, Xi , acquiring a value xi ∈ Λ i is, and
only is, conditional upon values of xj ’s at the neighbourhood Ni ⊂ S of the node, si , where a neighbourhood, Ni , is composed
solely of nodes, s j ’s, that interact directly with the node s i . According to the definition, the node s i is not an element of its
own neighbourhood. Due to the complete set of interactions between all the nodes in a Random Field, the concept of local
conditional probabilities p(xi |x1 , x2 , . . . , xi−1 , xi+1 , . . . , xn ) can be introduced to define the probability of occurrence of a
random local configuration, xi , at the node s i , under the condition that all other nodes, sj ’s, are configured with a certain
pattern of xj ’s. For simplifying the analysis, all the neighbourhoods are considered, further, to be symmetric wherein any
node, sj , belongs to the neighbourhood of a node, si , if and only if, the node si belongs to the neighbourhood of the node sj .
In the early 1970’s, Besag [20] formulated on the basis of Bayes’ rule [21] a proposition for Random Fields in which he
showed that the joint probabilities, P (E
x), are uniquely determined by their local conditional probabilities, p’s. Specifically,
E = (y1 , y2 , . . . , yn ) ∈ Λ, the following relation may be
for any two given global configurations, E
x = (x1 , x2 , . . . , xn ), y
derived.
P (E
x)
P (E
y)

=

Y p(xi |y1 , y2 , . . . , yi−1 , xi+1 , . . . , xn−1 , xn )
.
p(yi |y1 , y2 , . . . , yi−1 , xi+1 , . . . , xn−1 , xn )
1≤i≤n

(8)

However, the problem of determining the most general probability structure of P (E
x) for a symmetric neighbourhood of
each site arises. The first approach to this problem, made by Hammersley and Clifford [22], was commented by Besag [20]
as, ‘‘circuitous and requires the development of an operational calculus (the ‘blackening algebra’)’’. On the contrary, the main
idea involved in pioneering Hammersley and Clifford’s approach, to factorise global probabilities into ‘clan functions’, served
as the main hint to solve the problem in question. As a result, the said theorem was, thenceforth, coined with the names of
Hammersley and Clifford. Besag proposed a simpler approach to this issue [20], based on investigation of changes in joint
probability due to alterations in local configurations.
Derivation of the Hammersley and Clifford theorem appropriately demands introduction of the notion of ‘clan’
(‘clique’) [18,20]. A clan, c, may be defined as a set of mutually interacting nodes, i.e. every node of a clan is a neighbour
of all other nodes belonging to the same clan. Moreover, each node is considered to make a clan, though, physically it does
not belong to its own neighbourhood. So, a solitary node creates a 1-clan, while a group of k mutually interacting nodes
makes a k-clan. Random Fields have a complete set of interactions, i.e., clans, while Markov Random Fields possess reduced
number of clans, corresponding to their system of neighbourhoods.
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Using the notion of a clan, Hammersley and Clifford theorem may be effectively formulated, since each clan c in a Markov
Random Field may be assigned a g-function. In arguments of g-functions appear random variable values of all the nodes that
belong to a particular clan. The g-functions, then, determine joint probabilities, P (E
x), according to the formula
P (E
x) =

Y

Y

gi (xi ) ·

Y

gi,j (xi , xj ) ·

1≤i<j≤n

1≤i≤n

gi,j,k (xi , xj , xk ) · · · .

(9)

1≤i<j<k≤n

The Hammersley and Clifford theorem states, that the gi,j,...,k -function may disappear from the factorisation of the joint
probability at the right hand side of Eq. (9) if and only if the nodes {si , sj , . . . , sk } do not make a clan in a Markov Random
Field. Subjected to this restriction, the g-functions may be chosen as arbitrary functions of random variables [18,20].
Merging of Hammersley and Clifford theorem with classic statistical physics requires definition of an energy function,
Q (E
x) = ln P (E
x), to obtain the following expression directly from Eq. (9):
Q (E
x) =

n
X

X

qi (xi ) +

qi,j (xi , xj ) +

1≤i<j≤n

i=1

X

qi,j,k xi , xj , xk + · · · .



(10)

1≤i<j<k≤n

Two objectives are achieved at by defining an energy function — these are to transform the multiplicative form of
g-functions in Eq. (9) into additive form, and to maintain equivalence between the results obtained from the theories
of Markov Random Fields and Gibbs potentials in Statistical physics. More details about this equivalence were discussed
in Refs. [16,18]. The energy function, Q (E
x), for physical systems, investigated from point of view of statistical physics,
vide Boltzmann law as Eq. (14), is defined as negatively taken system’s total energy, −E (E
x), normalized by the statistical
temperature τ as Q (E
x) = −E (E
x)/τ .
The simplest Markov Random Fields are the ones that belong to non-interacting particles. The example of such system
is the ideal gas in statistical physics.
P (E
x) =

X

qi (xi ) .

(11)

1≤i≤n

The Auto-models, the non-trivial Markov Random Field models, including Ising model, are defined to have an energy function
Q (E
x), composed of g-functions, belonging, at the most, to 2-clans, as given below:
P (E
x) =

X

qi (xi ) +

X

qi,j xi , xj .



(12)

1≤i<j≤n

1≤i≤n

The first term in relation (12) represents interactions of individual nodes with external fields or self-interaction of individual
nodes, while the last term expresses interactions between pairs of nodes.
For computer simulation of the Rayleigh instabilities of free liquid columns and of liquid layers on a fibre, as introduced
further in the work, the energy function of the Auto-model is written as:
Q (E
x) =

n
X

qi,j xi , xj = −

1≤i<j≤n



1

n
X

τ

1≤i<j≤n

E (xi , xj ),

(13)

where, τ is the statistical temperature.
5. Computer simulation
The Markov Random Field used here for investigation of the Rayleigh instability is composed of a cubical simulation box
of lattice-nodes having dimensions of N = NX × NY × NZ = 600 l.u. × 20 l.u. × 20 l.u., and volume of 24 × 104 (l.u.)3 ,
where l.u. represents a length unit that is chosen as the nearest-neighbour inter-node distance in the lattice. The distance
of one l.u. will be called further as lattice constant b. In each node, a random variable, Xi , is assigned a value of 0, when
the node is filled by air, a value of 1 when filled by liquid, and a value of 2, when the node is occupied by solid (fibre). The
neighbourhood for each node is composed of 26 neighbouring nodes that together with the central node form a super-cube
of 27 nodes. The number of interactions, belonging to a particular node, is also called as coordination number z. One crucial
aspect of the particular form of energy function, Q (E
x), as in Eq. (13), in the present context is the easiness with which it can be
interpreted in terms of the concrete physical meaning of Hamiltonian, E (E
x) (total system energy). The Hamiltonian depends
on a particular set of interaction energies, E (xi , xj )’s, of neighbouring particles, represented by random variable values in
nodes of the lattice. To concretise the energy function, the shape of the right hand side of Eq. (13) may be considered.
Assuming, that the contributions to the energy function, regarding the Hammersley and Clifford theorem, are only from
qi,j (xi , xj ), where random variable values, xi and xj , belong to the neighbouring nodes, si and sj , that make the 2-clan. The
energy function, Q (E
x), of physical systems is also supposed to be homogeneous, i.e. qi,j does not depend on the selected
node pairs, si and sj , i.e. qi,j (xi , xj ) = qk,l (xk , xl ) for each xi = xk and xj = xl . Thus, there is no need to distinguish exchange
energies using nodal indices. Hence, one may write Ei,j (xi , xj ) = E (xi , xj ). The particle interaction energies are assumed to be
symmetric and, hence, holds E (xi , xj ) = E (xj , xi ). The energy function contributions, q(xi )’s of 1-clans are considered as zero,
thus implying, that the influence of external fields such as gravity, electrical field, etc. are neglected. So, one can construct
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Table 1
Interaction energies are symmetric functions of their two variables E (xi , xj ) = E (xj , xi ) and represent the energies belonging to mutual interaction of
neighbouring nodes i and j where random variables Xi and Xj have values xi and xj .
Interaction energies E (xi , xj ) in (e.u.)

Gas xi = 0

Liquid xi = 1

Fibre xi = 2

Gas xj = 0
Liquid xj = 1
Fibre xj = 2

−40
−10

−10
−26
−10

−10

20

a

0

5 l.u.

20 l.u.

5 l.u.

20

20

l.u

.

600 l.u.

b
5 l.u.

MCSPS
20000

droplet no.
16

Fig. 2. (a) The original longitudinal and cross sectional configurations of the liquid coated fibre; the cubical simulation box of lattice-nodes has dimensions
of N = NX × NY × NZ = 600 l.u. × 20 l.u. × 20 l.u. = 24 × 104 (l.u.)3 . (b) Detailed cross sectional shape of the original liquid layer on a fibre and the
liquid nodes distribution along the fibre axis after the detachment into individual unduloids at the time of MCSPS=20,000.

the contribution q(xi , xj ) to energy function Q (E
x) in the language of statistical physics [23] as q(xi , xj ) = −E (xi , xj )/τ . The
statistical
temperature, denoted as τ , has physical dimension of energy, and so, −E (E
x)/τ is a dimensionless energy function,

x . These are the arguments that led to the used energy function, introduced in Eq. (13), for the computer simulations.
Q E
The statistical temperature, τ , for the carried out computer simulations, is assigned a value of 50 e.u., where e.u. is
the energy unit of the model. The values of particle interaction energies, E (xi , xj ), are provided in Table 1. Free boundary
conditions, as defined earlier [23], are used. Initially all liquid nodes are configured into chains, parallel to the fibre axis to
simulate liquid columns or liquid films on straight fibres. The initial configuration of the system is depicted in Fig. 2. Two
systems are studied in this work: liquid jets and liquid coatings (layers) on a fibre. For liquid jet simulation, all non-gassy
nodes are initially filled with the liquid to have xi = 1. For the case of liquid coating a fibre, the central chain of nodes inside
a liquid column represents the solid fibre with all xi ’s equal to 2. Various cross sections of the systems, i.e. various liquid
columns with different radii, to be studied are shown further.
Monte Carlo dynamics, based on Metropolis algorithm and Kawasaki dynamics for short-range exchange [23], has been
used in computer simulations. A pair of nodes in this method has been chosen at random, and within this chosen pair, the
particles try to exchange their positions so that a new configuration is attained. To realize that, the Hamiltonian values,
E (E
x)’s are firstly calculated for both the configurations: before (denoted further by index 1) and after (index 2) exchange
trials. The change of configuration from the original to the new one is accepted surely if the total energy, E (E
x2 ), for the
new configuration is lower than that of the original one E (E
x1 ), i.e. if E (E
x1 ) > E (E
x2 ). If the aforementioned condition is not
accomplished, the exchange
exchange probability of W1→2 . The exchange probability W1→2 is
 occurs only with
 a certain

expressed as, W1→2 = exp − E (E
x2 ) − E E
x1 /τ . This probabilistic transition is simulated by the generation of a uniform
random number, z, within the interval h0, 1i and the acceptance of a new system configuration is done under the condition,
z < W1→2 . Detailed information about Model dynamics are given by Binder and Lukas [23–25].
Generally, simulation outcomes of Monte Carlo dynamics vary with respect to the criteria used for exchange of
nodal random variable values, i.e. exchange of particles. Present simulations use the Kawasaki dynamics for short-range
exchange [23], where the paired particles for the exchange are chosen among the neighbours, i.e. neighbouring nodes. The
simulation algorithm iterates the described steps and terminates after the liquid film disintegrates into individual droplets.
As a time unit for Monte Carlo dynamics, Monte Carlo Step per Site/Node (MCSPS) [23] is used, corresponding to average
one exchange trial for each node in the simulation box. Presently there are 24 × 104 trials for node exchange in each MCSPS.
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a

b

20000
18000
16000
14000
12000
10000
8000
6000
4000
2000

Liquid film

Liquid jet
droplet no
16
16
16
16
16
17
19
22
25
30

0

100

200

300
x [l.u.]

400

500

600

MCSPS

MCSPS

5 l.u.

110
100
90
80
70
60
50
40
30
20
10
100

200

300
x [l.u.]

400

500

600

Fig. 3. The time versus the droplet numbers for (a) the liquid coating the fibre; (b) the pure liquid jet. Unduloids on the fibre merge and those, which
disappeared, are marked in grey.

It is well established [23] that the aforementioned temporal Markov chain of system states assures the convergence of
the process to the equilibrium probability distribution of configurations, Peq E
x , where

!
−E Ex
.
Peq (E
x) = exp
Z
τ
1

(14)

Here, Z is the partition function. The chosen Kawasaki dynamics for particle exchange conserves the number of particles as
well as the fixed positions of fibres in the present model and impose constraints on the original formulation of the Markov
Random Field. Some of these issues mentioned above, are also discussed in more details by Paget [18] and Moussouris [26].
6. Computer simulation outputs
Computer simulation outputs of a liquid film coating the fibre is sketched in Fig. 2. The original longitudinal and cross
sectional configurations of the liquid coated fibre is depicted in part (a). The part (b) illustrates the liquid distribution along
the fibre axis at the time of MCSPS = 20,000. The liquid particle counts in a cross section, perpendicular to the original liquid
column axis at various positions along the fibre axis, represent the droplet localizations, as is shown in the inserted graph.
More informative simulation outputs are provided in Fig. 3a for liquid coating a fibre; and in Fig. 3b for free liquid jet.
These graphs plot positions of the liquid droplets along the x-axis, corresponding to their coordinates. In both the cases,
the number n of droplets along the fibre axis changes with the iteration time, i.e. with MCSPS. It is obvious, from these
figures that the number of detached droplets indeed undergoes a temporal change, driven by the previously described Monte
Carlo dynamics. The dynamics of the liquid film, coating a fibre is nearly perpetual because the droplets can continuously
communicate with neighbours to exchange liquid particles via sessile liquid films on a fibre between neighbouring droplets.
As a result, some neighbouring droplets merge to minimize the system surface energy. So, the temporal development of this
system is vital for detecting the first complete break down of the originally cylindrical liquid bodies, to compare this earlydetached configuration with Rayleigh’s prediction, λ = 2.87π r0 . The detection of these early-detached configurations has
been done here using figures with a series of graphs, like the ones in Fig. 3a, obtained at equidistant steps of 2000 MCSPS time
scale. On the contrary, number of droplets created from a free liquid jet has no temporal development after the complete
detachment takes place because isolated droplets can’t exchange liquid particles effectively.
By comparing Fig. 3a and b, the pure liquid jet takes much less MCSPS, than the liquid coating the fibre, to disintegrate.
The time development of the droplet number, averaged over five such trials, for the liquid coating a fibre is plotted in Fig. 4.
The figure shows that a temporal decrement of n, caused by mutual merging of neighbouring droplets, can be described by
a logarithmic dependence, ln(n) = A ∗ MCSPS + B, where A = −0.000039 and B = 3.364, with the correlation coefficient,
as high as R2 = 0.97.
The computer-simulated outputs are compared with the analytical results for the Rayleigh instability. The Rayleigh
wavelength, λ = 2.87π ro, is considered as the characteristic distance between neighbouring droplets that fits the earliest
state of complete detachment of the cylindrical liquid films and jets. By varying the thickness of the liquid film (or radii of
the liquid jet), ro , the simulations generate data for plots λ against r0 . Fig. 5a shows the cross sections for pure liquid jets
2
and liquid films with
√cross sectional area values, A, in l.u. and the radii, r0 , in l.u. of the corresponding cylinders that satisfy
the condition, r0 = A/π . The Rayleigh wavelength, λ, versus the original radius, r0 , as predicted by the analytical Rayleigh
theory (solid line), and by the computer simulation outputs (points) are plotted in Fig. 5b and c. The plot for the pure liquid
jets is provided in Fig. 5b, while Fig. 5c represents the relationship for liquid coating a fibre.
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Fig. 4. The time versus the droplet numbers for the system of liquid coating fibre with the original cross section sketched. (a) The droplet numbers n versus
MCSPS; (b) ln(n) versus MCSPS.
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Fig. 5. (a) The cross sectional areas A in l.u.2 and the corresponding radii of cylinders ro are displayed next to each cross section. The Rayleigh wavelength
λ versus the original radius ro as predicted by the analytical theory, i.e. λ = 2.87π r0 , (solid line) and our computer simulations (points) are plotted in parts
(b) and (c); (b) is for pure liquid jet and (c) for liquid coating a fibre.

7. Immiscible liquids
In this section the way to use the Auto-model and the relevant Monte Carlo simulation to investigate the films of an
instable immiscible complex liquid, i.e., liquid mixture, formed with the original random mixture/dispersion of liquid L1
and a ‘‘new’’ liquid L2 , is demonstrated. All the rules regarding assigning values to the lattice variable Xi remain the same,
as in the previous simulation. Therefore, in each node the lattice variable Xi = 2 when it is filled by solid fibre, Xi = 1
when filled by liquid no. 1, and Xi = 0 when filled by gas. In addition, the lattice variable obtains the value Xi = 3 when
filled by the liquid L2 . Similar original configuration has been used here, as before, for the particular radius of the liquid
film, r0 = 3 l.u. Interaction energies for the gas, the liquid L1 , liquid L2 and the solid fibre are introduced in Table 2. In the
table are also provided the surface energies of the investigated system between all interfaces (gas–liquid L1 , gas–liquid L2 ,
gas–solid fibre, liquid L1 –liquid L2 , liquid L1 –solid fibre, and liquid L2 –solid fibre). These surface energies are determined by
a procedure briefly described further and in Ref. [25].
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Table 2
The first part of the table introduces all interaction energies used for the simulation of the behaviour of the mixed liquid film on the fibre. All parameters
concerning the liquid no.1 are the same as for simulation of the disintegration of the homogeneous liquid film. Second part introduces all surface energies
of the system.
Interaction energies in (e.u.)

Gas xi = 0

Liquid no. 1 xi = 1

Liquid no. 2 xi = 3

Fibre xi = 2

Gas xj = 0
Liquid no. 1 xj = 1
Liquid no. 2 xi = 3
Fibre xj = 2

−40
−10
−12

−10
−26
−15
−10

−12
−15
−26
−30

−10
−30
−60

Surface energies in (e.u./l.u.2 )

Gas xi = 0

Liquid no. 1 xi = 1

Liquid no. 2 xi = 3

Fibre xi = 2

20

Gas xj = 0
Liquid no. 1 xj = 1
Liquid no. 2 xi = 3
Fibre xj = 2

–
23
21
70

a

23
–
11
33

1 l.u2.

21
11
–
13

20

70
33
13
–

b

Fig. 6. Simulation box with absolutely flat interfaces between regions occupied by two different types of liquids. There is only one such interface in (a),
but three interfacial planes in (b), where different cells of liquids interact to create the surface energy ES . The total number of cells, as well as numbers
of cells occupied by the two liquids, remains constant in both the configurations. Comparing interaction energies between all interfacial planes in both
configurations leads to the conclusion that the total energy of the three interface configurations in (b) minus the energy of the one interface configuration
in (a) per cell is 2C (X1 , X2 ) − [C (X1 , X1 ) + C (X2 , X2 )].

One may imagine a prismatic simulation box filled partly by two different types of liquids L1 and L2 , with a flat interface
between them. Then, a new configuration could be created simply by moving a slab of liquid L1 into a space, originally
occupied by the liquid L2 , in a manner such that the total numbers of cells for both the liquids are conserved. The system
rearrangement is sketched in Fig. 6. Subtracting the energy of the second configuration from the first, the increase of the
energy per unit surface b2 = 1 l.u.2 could be obtained as 2C (X1 , X2 ) − [C (X1 , X1 ) + C (X2 , X2 )]. This increase is due to the
creation of the two new surfaces and, hence, their surface energy, ES , has the value
ES = C (X1 , X2 ) −

1
2

[C (X1 , X1 ) + C (X2 , X2 )] .

(15)

Such estimation of the surface energy has to be considered as a zero-temperature limit of its value, since no thermal
fluctuations on interfaces are admitted. In Table 2 the units for all surface energies are in e.u./l.u.2 . From the table it is
obvious the following relation exists among the surface tensions of various interfaces in the system

γF ,G > γF ,L1 > γG,L1 > γG,L2 > γF ,L2 > γL1,L2 ,

(16)

The indices F , G, L1 , L2 denote the fibre, the gas, the liquids L1 , and L2 , respectively The interaction energies, C Xi , Xj ’s
are chosen so that the lowest surface tension is between the liquids and the highest is between the fibre and the gas. Thus,
the surface tensions may be tuned according to actual properties of the systems. From the first part of Table 2, it is quite
clear that the liquid L2 is bonded to the fibre stronger than liquid L1 . Also, the interactions between identical liquid cells are
stronger (C (X1 , X1 ) = C (X2 , X2 ) = −26 e.u.) than those between the liquid cells of different types (C (X1 , X2 ) = −15 e.u.),
thereby reflecting the nature of immiscible liquids.
The outputs of the computer simulation, showing the disintegration and coalescence of the instable liquid mixture,
are graphically expressed in Figs. 7 and 8. It is obvious from Fig. 7 that both pure liquids L1 and L2 have their Rayleigh
wavelength close to 25 l.u., while the immiscible liquid results in a lower wavelength with the minimum value close to 17
l.u., at a concentration close to 30%. It is also interesting to note that the curve is not symmetric. One may conclude that
the immiscible liquid with the chosen exchange energies will disintegrate with Rayleigh wavelength, smaller than that is
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Eq. (26).
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Fig. 8. The effect of the concentration of liquid L2 on the temporal evolution of number of droplets. (a) The time development of the system with liquid L1
only. (b) The time development of the system with the 40% of the liquid L2 . (c) The computer simulation output for the mixed liquid where the concentration
of the liquid L2 varies from 5% up to 95%. (d) A real system composed of a mixture of water and oil.

predicted for homogeneous liquids. Moreover, the process of the disintegration is much quicker for the immiscible liquids.
Graphical comparison of results between the pure liquid L1 and a liquid, blend with 40% concentration of the liquid L2 , is
depicted in Fig. 8a and b, and the structure of detached droplets made by the composite liquid is shown in Fig. 8c, while
Fig. 8d demonstrates the behaviour of a real system composed originally of an instable mixture of water and oil.
Based on the present computer simulation, a following analytical approach to the estimation of the wavelength of
Rayleigh instability of immiscible liquids is derived. When a liquid jet/film consists originally of an instable mixture two
immiscible liquids L1 and L2 , a typical detached droplet of individual volume V = 4/3π rd3 is formed out of two distinguished
volumes V1 and V2 , corresponding to the liquid L1 and the liquid L2 respectably as a consequence of coalescence. Such
final droplet compositions are obtained in computer simulation outputs and also found in the real system observations
as depicted in Fig. 8c and d respectively, since relaxation time of Rayleigh instability is greater than the relaxation time of
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Fig. 9. A detached droplet of individual volume, V = 4/3π rd3 , is composed of two distinguished volumes V1 and V2 , containing the liquid L1 and the liquid
L2 , respectively. Surface of the spherical cap is S1 , the rest of the sphere has surface area S2 and the base of the spherical cap is of surface area SB . The height
of the spherical cap is denoted as h.
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Fig. 10. The accurate dependence of φ on x, i.e., φ = 3x2 /4 − x3 /4, is depicted as a curve no. (1). The estimation of this dependence using φ ∼
= x2 /2 is
plotted as a curve no. (2), while the difference of previous function values is depicted as a curve no (3).

coalescence. The ratio V1 /V is defined as concentration or, volume fraction, φ , of the liquid L1 in the mixture. If V1 ≤ V2 ,
and composite droplets are perfectly spherical, where a spherical cap of height h is made by liquid L1 , the associated surface
areas of all interfaces in the droplet, i.e., of the spherical cap of area, S1 , of the rest of the area of the sphere, S2 , and of the
base area of the spherical cap, SB , as functions of the volume fraction, φ , could be estimated. Quantities V1 , V2 , S1 , S2 , SB and
h are graphically introduced in Fig. 9. For φ holds:

φ=

π h2 (rd − h/3)
3 h2
1 h3
x2
∼
=
−
,
=
4
4 rd2
4 rd3
2
π rd3
3

(17)

where x = h/rd . The estimation of φ as φ ∼
= x2 /2 in a closed interval x ∈ h0, 1i seems to be quite reasonable and satisfactory.
2
The dependence of φ on x, as φ = 3x /4 − x3 /4, its estimation φ ∼
= x2 /2 and the difference of both are depicted in Fig. 10.
The expression for the estimation of the spherical cap surface S1 using Eq. (17) is straightforward, as given below:

r
S1 = 2π rd h = 2π

rd2 x

∼
= 4π rd2

φ
2

.

(18)

Estimations of the rest of the spherical surface S2 , that is complementary to the surface of the cap, and the surface SB of
the cap’s base, follows immediately from the relation (18).
S2 ∼
= 4π

rd2

1−

r !
φ
2

,

(19)
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r
SB ∼
= π 2rd h − h2 = 4π rd2



φ

−

8
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(20)

A free energy, Fd , of one detached droplet is composed of two parts: the surface energy of all droplet’s interfaces and the
pressure energy, i.e., the product of pressure and volume. The pressure energy of a droplet consisting of two spherical caps
made by liquids L1 and L2 is estimated here using an average surface tension, γ , derived from the following simple fraction
law:

γ = γ1 φ + γ (1 − φ) .

(21)

Therefore, the pressure energy term of the droplet pV = (2γ /rd ) V is given as 8/3π [γ1 φ + γ2 (1 − φ)]. One can assess
the free energy, Fd , of one detached droplet with the aid of the previously done considerations as:
rd2

"r
Fd ∼
= 4π rd2

"
= 4π

rd2

φ
2

2
3

γ1 + 1 −

φ+

r !
φ
2

r !
φ
2

r
γ2 +

5

γ1 +

3

−

φ
8

2φ
3

−

−

φ

!
γ12 +

8

r !
φ
2

2
3

r
γ2 +

#
(γ1 φ + γ2 (1 − φ))

φ
8

−

φ
8

!

#
γ12 .

(22)

Free energy of the original cylindrical jet, F0 , having the length, λ, also consists of surface energy and pressure energy term
similarly as the right hand side of relation (3). The fraction law, γ = γ1 φ + γ (1 − φ), for the surface tension of random
liquid mixture is assumed to be in force also in this case.
In addition to relation (3), the surface energy of inner interfaces in the instable liquid mixture bulk is involved in F0 .
This additional term that is proposed here, has a simplified shape in the parlance of lattice models of mixing. In these
models free energy difference, 1F , i.e. free energy of mixing [27], is expressed as 1F = 1U − τ 1σ , where 1U is
the change of internal energy, i.e. internal energy of mixing. The term τ 1σ represents the entropic contribution to the
change of a system’s free energy. Entropy of mixing is denoted as 1σ in this term. The internal energy of mixing, 1U, is
expressed using so-called interaction parameter, χ = z 1ε/τ , with z being a coordination number introduced above, and
z = 26 here. The quantity 1ε = 1/2 (E11 − 2E12 + E22 ) is so-called exchange energy with E’s having similar meaning of
interaction energies, E xi , xj , as in the previous section. Hence, 1ε = γ12 b2 , where b is the lattice constant, in the present
model or, a characteristic dimension of islands of a liquid L1 dispersed in a sea of a liquid L2 in actual experiments. Taking
into account that 1ε is considered here without any temperature dependence, the internal energy of mixing turns into
1U = N τ φ (1 − φ) χ , where N is the total number of particles in a system. This total number could be estimated as V /b3 ,
while V is the aforementioned volume of the investigated liquid. Using previous arguments, the total internal energy of
mixing, 1U, can be written as:

1U = π r02 λb−1 z φ (1 − φ) γ12 .

(23)

For the mixing entropy per one lattice cell τ 1σ /N holds τ 1σ /N = −τ [φ ln φ + (1 − φ) ln (1 − φ)], as introduced for
instance in Ref. [27]. Hence, the total entropy contribution to mixing free energy is

τ 1σ = −τ π r02 b−3 λ [φ ln φ + (1 − φ) ln (1 − φ)] .

(24)

Foregoing arguments about terms involving mixing, together with the surface energy 2π r0 λ [γ1 φ − γ2 (1 − φ)], and the
pressure energy term, π r02 λ [γ1 φ + γ2 (1 − φ)] /r0 , lead to the following expression for the initial free energy, F0 , of the
cylindrical jet/film of the length, λ, plus the free energy of mixing 1F .
F0 + 1F = 3π r0 λ [γ1 φ − γ2 (1 − φ)] + [1U − τ 1σ ]



= π r0 λ 3 [γ1 φ + γ2 (1 − φ)] + r0 zb−1 γ12 [φ (1 − φ)] + τ r0 b−3 [φ ln φ + (1 − φ) ln (1 − φ)] .
(25)
The free energies of the original cylindrical system plus the free energy of mixing, F0 + 1F , could be now equated with
the free energy of the resultant droplet system, Fd , keeping in mind the volume conservation, expressed previously via the

2

Eq. (2). The conservation equation provides with the relationship rd2 = 3/4r02 λ 3 , using which will be eliminated rd from
the relationship (22). From F0 + 1F = Fd is ultimately and easily obtained an estimation of the Rayleigh length, λ, of instable
mixtures of immiscible liquids as


λ∼
=

2.87
1.96



36 r0 




2
3

φ+
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5
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−
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3

−
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φ
2

γ2 +

q

φ
8

−

φ
8



γ12

3

 ,

3 [γ1 φ + γ2 (1 − φ)] + r0 γ12 b−1 z [φ (1 − φ)] + τ r0 b−3 [φ ln φ + (1 − φ) ln (1 − φ)] 

(26)

where the coefficient 2.87/1.96 is due to the used approach based on conservation of the system’s free energy, see Eq. (4),
and the exact value of the Rayleigh wavelength. A comparison of computer simulation outputs with theoretically predicted
values of λ is depicted in Fig. 7. The coordination number z was reduced to 17, estimated from an average number of
liquid nodes in the neighbourhood of a typical liquid node inside the original cylindrical liquid jet taken for the computer
simulation.
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8. Conclusions
The great advantage of the Monte Carlo simulation, based on Auto-models is that they work, as opposed to traditional
analytical approaches, for highly disordered systems with complex geometry and boundary conditions. This study shows
that, the Monte Carlo dynamics of the Auto-model is capable of predicting nearly identical results, compared to the ones, established by classical analytical hydrodynamic theory of Rayleigh instability of homogeneous liquid jets or, liquid columns
sessile to cylindrical bodies. The Hamiltonian for the computer simulations is composed of the 2-clan terms of the Hammersley and Clifford expansion. As has been shown in this work, the Rayleigh wavelength, λ, obtained through computer
simulations, based on previously described Auto-model, is quite comparable with the analytical result, λ = 2.87π r0 .
It seems that this kind of simulation accounting a statistics of spatial interactions in lattices could offer results that
are similar to that of soft matters in experimental arrangements under very complex conditions like was demonstrated in
works [28,29] for mesoscopic predictions of the effective thermal conductivity for microscale random porous media using a
lattice Boltzmann algorithm. This work shows that the Auto-models are robust in investigating behaviour of liquid film and
liquid jet instability. Authors are convinced about efficacy of the developed approach in situations where a system loses its
axial symmetry, i.e., curvilinear fibres, influence of external fields, roughness of fibre surface, liquid blends and mixtures etc.
A simple estimation of Rayleigh length for columns, composed of instable mixtures of immiscible liquids was introduced.
This derivation rooted from comparison between surface and pressure energy of original and final state of the system with
addition of terms involving internal energy and entropy of mixing as a consequence of coalescence, i.e., liquid mixture
decomposition. The obtained prediction is qualitatively similar to the computer-simulated results.
Hopefully, the results achieved in this work, would attract more attention for applying the theory of Markov Random
Fields, and Auto-models for various issues in the investigation of immiscible liquid mixtures.
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