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Z-transform theory was applied to several three-dimensional (3D) textile
structural composites, including an angle-interlock woven composite, a multilayer
multi-axial warp knitted composite and a 4-step braided composite, to
characterize their system dynamic behaviour in the frequency domain. More
specifically, the analysis focused on the relationship between the compressive load
and the system response under static (strain rate 0.001 s1) and impulsive
(strain rate up to 2700 s1) strain along both the in-plane and out-of-plane
directions, respectively. The high strain rate compressions were tested using a split
Hopkinson pressure bar apparatus, and the input and output (the stress–strain
curve) of the test specimen was obtained by recording the signals using
a computer for further analysis. Z-transform was then used to analyze the
dynamic response and stability of the composites of different preform structures
and at various loading conditions. This is the first such attempt to study the
compression behaviour of 3D textile structural composites at various strain rates
in the frequency domain in order to reveal their mechanical behaviour and
features of the materials from a new perspective.

1. Introduction
Three-dimensional textile structural composites (3DTSCs) have been increasingly
accepted in engineering applications because of their higher impact damage tolerance
and fracture toughness. The responses of 3D textile composites under different
loadings, especially at different strain rates, vary with fabric architectures and
loading conditions. Although their have been numerous studies on such composites
over a wide range of topics [1–20], none of these investigated the effect of strain rate
on the mechanical properties of 3DTSCs, a highly critical issue because impact
loading is common and system behaviour indeed depends heavily on the load speed.
There are nonetheless very few papers on strain rate issues of 3DTSCs, most
likely because of the complexity in conducting and analyzing impact tests on
materials. Hosur et al. [21–24] investigated the strain rate effect on the compressive
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behaviour of different kinds of 3D stitched composites. Sun et al. [25–28] discussed
the strain rate sensitivity of the compressive and tensile behaviour of 3D braided,
woven and knitted composites. However, these studies were all conducted in the time
domain. Given the highly developed analytical tools in the frequency domain and the
dynamic nature of the problem, it is conceivable that new light can be shed by
examining the issue at a different domain.
Moreover, under dynamic impact, the mechanical behaviour understandably
becomes much more complex than under static and quasistatic cases. The
heterogeneous microstructures of the composites and the difference of stress wave
speed in fibres and matrix further complicate any attempt of analysis. All of these
render it difficult, if not impossible, to establish a continuum constitutive equation
for dynamic response of composite materials. Therefore, we attempt in this study to
treat 3DTSCs as a discrete system so that a discrete system transfer function can be
established to link the input and output, thus characterizing the dynamic
compressional behaviour and the strain rate influences of 3DTSCs in the frequency
domain. It is highly logical to expect that frequency response analysis of a 3DTSC
under impact loading can potentially reveal some of the important impact damage
mechanisms and unknown material information hidden when in time domain. More
importantly, the Z-transform method [29] will be employed to analyze the amplitude
and phase response and to examine the factors affecting the system behaviour and
stability.
We believe this is the first reported attempt to study the strain rate sensitivity and
impact behaviour of 3DTSCs in the frequency domain using Z-transformation.

2. Application of Z-transform to 3D textile structural composites
By treating a composite as a system where the strain–time history is the input and
stress–time history is the output, or vice versa, the transfer function of the system will
reflect its constitutive relationship [29, 30]. Furthermore, because the signals are
sampled periodically during the tests, the strain and stress are both in discrete form
so that the composites can be regarded as a discrete system where Z-transform
becomes applicable, which is easier to carry out than the Fourier transformation.
From the Z-transform, the mechanical property of the composite could be studied
at the frequency domain.

2.1. Z-transform
The Z-transform was first introduced systematically by Jury in 1958 [31]. For linear
time-invariant (LTI) systems, Z-transform plays the same role in the analysis of
discrete-time signals just as the Laplace transform does in the analysis of continuoustime signals; they even share some common rules in actual mathematical
manipulations. For example, the convolution of two time-domain signals is
equivalent to the multiplication of their corresponding Z-transform, thus greatly
simplifying the analysis of the system response to various input signals. In addition,
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Z-transform provides us with a unique way for studying the stability of a LTI system
by using its pole-zero locations. Next, as the output and internal states of the
composite system depend only on its current and previous input values, this system is
regarded as a causal system so there is no influence on the system current state from
future events.
Assuming x(t) is the input and y(t) is the output for a system, it is well known
that a linear discrete system can be described by the following difference equation:
b0 yðnÞ þ b1 yðn  1Þ þ    þ bN yðn  NÞ ¼ a0 xðnÞ þ a1 xðn  1Þ þ    þ aM xðn  MÞ
ð1Þ
or
N
X

bk yðn  kÞ ¼

M
X

xðn  rÞ,

ð2Þ

r¼0

k¼0

where ak and bk are coefficients; N and M are the total numbers of terms for the
output and input respectively. For a causal system, taking the unilateral Z-transform
on both sides of equation (2) yields
YðzÞ

N
X
k¼0

bk zk ¼ XðzÞ

M
X

ar zr

ð3Þ

r¼0

and rearranging results in
PM
YðzÞ
ar zr
HðzÞ ¼
¼ PNr¼0
,
k
XðzÞ
k¼0 bk z

ð4Þ

where z is a complex number and H(z) is transfer function. If such a system H(z) is
driven by a signal X(z) then the output is Y(z) ¼ H(z)X(z). By performing partial
fraction decomposition on Y(z) and then taking the inverse Z-transform, the actual
output y[n] can be found.
From the fundamental theorem of algebra the numerator in equation (4) has M
roots (called the zeros) and the denominator has N roots (called poles). The zeros of
a Z-transform are the values of z for which H(z) ¼ 0, and the poles are the values of z
for which H(z) ¼ 1. Rewriting the transfer function in terms of zeros and poles leads
to:


 

1  r1 z1 1  r2 z1    1  rM z1
,
ð5Þ
HðzÞ ¼
ð1  k1 z1 Þð1  k2 z1 Þ    ð1  kN z1 Þ
where rk is the kth zero and kk is the kth pole. The zeros and poles are commonly
complex numbers and when plotted on the complex plane the plane is called the
pole–zero plot. In simple terms, the zeros are the solutions to the equation obtained
by setting the numerator equal to zero, whereas the poles are the solutions to the
equation obtained by setting the denominator equal to zero. In addition, there may
also exist zeros and poles at z ¼ 0 and z ¼ 1. If we take the poles and zeros of all
such orders into consideration, the numbers of the zeros and poles are always equal
to each other [29, 30].
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According to the Z-transform theory, the region of convergence (ROC) is where
the Z-transform of a signal has a finite sum for a region in the complex plane:
(
)
1
X
n
ROC ¼ z :
xðnÞz < 1 :
ð6Þ
r¼0

The discrete functions used in this study are all limited in length so
ROC ¼ {|z|40}, i.e. their region of convergence includes the entire Z plane
except the origin. Therefore, the convergence of the functions is not an issue
here. The stability of a system can also be determined by knowing its ROC: as
the ROC contains a unit circle (i.e.|z| ¼ 1), if the poles of H(z) are within the
unit circle, the system natural resonance will be dissipating and the system is
thus stable. But if the poles are out of the unit circle, the system natural
resonance will be augmenting so that the system is unstable; if the poles are on
the unit circle, the resonance retains its amplitude and system is said to be at a
critical stability state.
The frequency response of a discrete system is the value of H(z)at the unit circle:

HðzÞz¼ej! ¼ Hðej! Þ,
ð7Þ

HðzÞ ¼

PM
1
X
YðzÞ
ar zr
¼ PNr¼0
¼
hðnÞzn :
k
XðzÞ
b
z
n¼1
k¼0 k

ð8Þ

When z ¼ ejw:
PM
1
jr!
X
Yðej! Þ
r¼0 ar e
¼
¼
hðnÞejn!
; Hðe Þ ¼
P
N
jk!
Xðej! Þ
b
e
k
n¼1
k¼0
j!

ð9Þ

Equation (9) can be rewritten as:


Hðej! Þ ¼ Reðej! Þ þ Imðej! Þ ¼ Hðej! Þ expðj arg½Hðej! ÞÞ,

ð10Þ

where jH(ej!)j is the amplitude and jH(ej!)j is the phase part, respectively.

2.2. 3DTSC discrete systems and Z-transform
So x(n) is strain–time history and y(n) is stress–time history, and are the input and
output for the composite system, respectively. As both x(n) and y(n) are time series
data sampled during testing, the composite system now is a discrete system. Also, for
mathematical convenience the composite is assumed as a linear time-invariant (LTI)
system, i.e. it obeys the principle of superposition. Furthermore, only the strain–time
or stress–time histories before the failure time are considered, for once the composite
fails it becomes another system.
One cannot use a single difference equation to describe the responses of such
discrete composite systems under various strain rates because the composites are
rate-sensitive materials [25–28]. At each given strain rate, however, the system is
simplified as a second-order one is thus governed by the following
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difference equation:
yðnÞ þ b1 yðn  1Þ þ b2 yðn  2Þ ¼ a0 xðnÞ þ a1 xðn  1Þ þ a2 xðn  2Þ:

ð11Þ

Hence the transfer function of the system is:
HðzÞ ¼

a0 þ a1 z1 þ a2 z2
:
1 þ b1 z1 þ b2 z2

ð12Þ

H(z) can be obtained once the input and output of the system are known. Then the
frequency responses of the composite can be calculated from equations (9)–(10), and
the stability of the composite can be analyzed in the frequency domain using
equation (6).

3. Materials and test methods
3.1. Materials
Three kinds of 3DTSC were selected for this investigation. E-glass filament tows
without twists were employed for the fabrics and vinyl ester resins were injected into
the fabric preforms with RTM technique and then consolidated into 3D structures.
3.1.1. A 3D angle-interlock woven composite (composite A). The weave construction
of the reinforcing fabric is shown in figure 1a, and the specifications of the fabric are
listed in table 1. The composites formed are of thickness 3.0 mm with fibre volume
fraction about 40%.
3.1.2. A 3D MMWK composite (composite B). The multi-axial multilayer warp
knitted (MMWK) fabric construction is shown in figure 1b with detailed
specifications in table 2. The fibre volume fraction of the composite is about 40%,
with thickness 4.9 mm. The cross-section of the 3D MMWK composite is also shown
in figure 1b.
3.1.3. A 3D 4-step braided composite (composite C). The 8  4 array of rectangular
cross-section fabric structure shown in figure 1c was made by the 4-step 1  1
braiding method. The fibre volume fraction is approximately 50%, and
thickness ¼ 5.6 mm, both higher than those of either composite A or B. The fineness
for the glass tow is 508 tex.

3.2. The compression tests
The compressive test was performed on the composite coupons along two directions,
within the x–y plane or the in-plane (IP) direction and along the z or out-of-plane
(OP) direction, respectively, as shown in figure 1c for the braided sample. All the
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(a)

−45°

0°

45°

+ −
90° 45°45°
Unit cell
(b)

(c)

Figure 1. Constructions of three 3D composite samples. (a) Angle-interlock woven fabric
(composite A). (b) Multi-axial multilayer warp knitted fabric (composite B). (c) Four-step
braided structure (composite C).
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Table 1.

Main parameters of fabric for composite A.

Layers of warp/weft

12/11

Binding weave
Number of warp

Warp
Stuffer warp
Binding warp
Total number of warp
Number of warp per weave repeat
Total number of weave repeat
Weave parameters
Warp
Density (ends/10cm)
Weft density (ends/10cm)

Total density
Average density per layer
Total density
Average density per layer

Breadth (cm)
Yarn number
Warp
(tex)
Weft
Fabric weight (g/100 cm2)
Fabric
Nominal
thickness (mm)
After compress

Table 2.

O/L
816
272
544
1632
12
136
417.28
34.77
993.73
90.34
39.11
168
254
33.2
3.16
2.92

Main parameters of fabric for composite B.
Reinforcing yarns

Fabric
variety

Fabric density
(g m2)

0 direction
fineness (tex)

Other direction
fineness (tex)

Build
angles ( )

Binding yarns
fineness (dtex)

ETt900

900

900

600

0, 45, –45

75

composite coupons for testing were cut with the in-plane size as 9.0  9.0 mm, and
thickness of their own as stated above.

3.2.1. Testing machines and strain rates. The quasistatic compression tests were
conducted on a MTS 810.23 materials test system at a compression speed of
0.1 mm min1 ðstrain rate, "_ ¼ 0:001 s1 Þ. The input and output test data were
stored in a computer for further analysis. The high strain rate compressions were
tested on a split Hopkinson pressure bar (hereafter referred as SHPB) apparatus.
The principle of the SHPB apparatus is described by Meyers [32]. The strain rate
ranged from 600 s1 to 2700 s1 depending on the impact velocity of the striker
bar [25, 26, 28]. If the modulus, cross-section area and density of the bar are
denoted by Eb, Ab and b and those of the specimen are Es, As and s, the
_ strain (") and stress () of the specimen were
equations for the strain rate ("),
obtained [32] from:
_ ¼
"ðtÞ

2C0
"R ðtÞ,
Ls

ð13Þ
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"ðtÞ ¼ 

2C0
Ls

 ðtÞ ¼

Z

t

"R ðtÞdt,

ð14Þ

0

Eb Ab
"T ðtÞ
As

ð15Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where C0 ¼ Eb =b is the longitudinal wave velocity in the bar; Ls the specimen
length, and "R(t) and "T(t) are the strain guage signal of the reflected and the
transmitted pulses, respectively. Equations (13)–(15) are based on the
assumption that the dynamic forces on both sides of the specimen are equal and
can be expressed as:
"I ðtÞ þ "R ðtÞ ¼ "T ðtÞ,

ð16Þ

where "I(t) is input strain signal. Equations (14)–(15) give, respectively, the strain–
time history and stress–time history in the composite specimen, or they can be
obtained experimentally. For quasistatic compression, the two parameters can also
be obtained from the MTS materials test system. For all the tests below, four strain
rates "_ ¼ 0:001, 800, 1600 and 2700 s1 were chosen.

4. Compression test results
For the three composite samples, their stress–strain curves tested under quasistatic
and high strain rates compressions are illustrated in figure 2 in the OP direction and
figure 3 in the IP direction. The results show clearly the influence of strain rate on the
material behaviour; higher strain rate leads to a more brittle behaviour. Also the OP
direction is more fracture resistant with stiffer compressive modulus, higher
extensibility and greater compression strength than those in the IP direction for all
three composites.

5. The frequency responses and system stability of the 3D textile
structural composites
The transfer function and frequency response of the composite systems can be
calculated from equations (12) and (10), and the stability of the systems can be
investigated based on the pole–zero distribution of each composite system.
The difference equation, equation (1), between input–output (stress–strain) of a
system under compression at several strain rates can be expressed in a matrix form:
2
3
2
3
2
3
2
3
1 b11 b12
a10 a11 a12
yðnÞ
xðnÞ
61 b
7
6
7
21 b22 7 6
6
7 6 a20 a21 a22 7 6
7
ð17Þ
6
7  4 yðn  1Þ 5 ¼ 6
7  4 xðn  1Þ 5,
4 1 b31 b32 5
4 a30 a31 a32 5
yðn  2Þ
xðn  2Þ
1 b41 b42
a40 a41 a42

(a) 400
0.001/s
800/s
1600/s
2700/s

350

Stress (MPa)

300
250
200
150
100
50
0

0

2

4

6

8
10
Strain (%)

12

14

16

18

18

20

(b) 600
0.001/s
600/s
1200/s
2100/s

Stress (MPa)

500
400
300
200
100
0

0

2

4

6

8
10 12
Strain (%)

14

16

(c) 350
0.001/s
800/s
1600/s
2500/s
3500/s

280
Stress (MPa)
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210

140

70

0

0

7

14

21

28

35

Strain (%)

Figure 2. Tested stress–strain curves under compression of various strain rates in the OP
direction for (a) composite A, (b) composite B and (c) composite C.
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Stress (MPa)

(a) 150
0.001/s
900/s
1600/s
2100/s

100

50

0

0

2

6

4

8

10

Strain (%)
(b) 350
0.001/s
600/s
1200/s
1600/s
2100/s

Stress (MPa)

280
210
140
70
0

0

2

4
Strain (%)

6

8

10

(c) 160
0.001/s
800/s
1600/s
2500/s

120
Stress (MPa)
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80

40

0

0

2

4

6
Strain (%)

8

10

Figure 3. Tested stress–strain curves under compression of various strain rates in the
IP direction for (a) composite A, (b) composite B and (c) composite C.

where aij and bij represent the difference equation coefficients at ith strain rate and jth
order. So, using the experimental results from the signals recorded, we were able to
establish such equations in both OP and IP directions for each composite system
using the method described in the literature [29–31]. Table 3 provides the specific
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Table 3.

The difference equation coefficients for the three textile structural composites.
Composite A

a10
a11
a12
a20
a21
a22
a30
a31
a32
a40
a41
a42
b11
b21
b31
b41
b12
b22
b32
b42

Composite B

Composite C

OP

IP

OP

IP

OP

IP

1.202
0.441
1.034
116.385
190.237
73.017
208.195
336.434
130.508
322.633
568.577
246.161
2.052
1.018
0.942
0.097
1.042
0.0
0.0
0.0

3.296
5.516
2.286
31.550
62.048
31.600
43.429
18.916
36.246
68.474
55.494
32.512
2.026
2.020
1.128
1.171
1.034
1.051
0.0
0.0

0.395
6.613
14.332
340.580
594.704
257.237
693.505
203.727
382.200
1321.400
1257.700
64.500
0.713
0.921
1.083
1.100
0.0
0.0
0.0
0.0

14.126
24.149
10.499
79.557
89.985
13.355
127.437
150.723
25.487
189.001
252.552
64.623
1.257
0.987
0.091
0.174
0.0
0.0
0.0
0.0

14.126
24.149
10.499
79.557
89.985
13.355
127.437
150.723
25.487
189.001
252.552
64.623
1.901
0.226
0.142
0.682
0.999
0.778
0.607
0.169

3.439
6.910
3.482
25.741
45.618
25.608
206.524
468.261
253.563
48.042
309.266
361.776
1.998
1.953
1.885
1.453
0.0
1.157
0.702
0.902

values for each system in both OP and IP cases at strain rates of 0.001, 800, 1600
and 2700 s1.
Using the coefficients in table 3, we have compared the stress–strain curves
between recorded experimental data and the curves fitted. Good agreement is
obtained in all cases between experimental and predictions, justifying the assumption
that the composites are discrete systems.
The amplitude and phase responses of all three composites in the frequency
domain were then obtained based on equations (12) and (10), as shown in figures 4
and 5 along the OP and IP directions, respectively. For easy comparison in Matlab,
the abscissa is customarily the normalized frequency (unit:  rad/sampling
frequency) in the figures.
Figures 6 and 7 show the phase responses for the composites in both directions.
Figures 8 and 9 provide for the three composites in both directions the
distributions of poles in Z-plane at different strain rates for system stability
analysis; the abscissa is the real part and the ordinate is the imaginary part of the
poles represented using a cross symbol ‘’ in the figures and for brevity the zeros
are not shown in the plots. If the poles are located within the unit circle, the system
natural resonance will be dissipating and the system is thus stable. But if the poles
are out of the unit circle, the system natural resonance will be augmenting so that
the system is unstable; if the poles are on the unit circle, the resonance retains its
amplitude and system is said to be at a critical stability state. For a third order
polynomial equation transformed from equation (12), there are two poles in
each case.
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(a)
Amplitude response (dB)

150

0.001/s
800/s
1600/s
2700/s

100

50

0

-50
0.00

0.25

0.50

0.75

1.00

Normalized frequency (x p rad /sample)

Amplitude response (dB)

(b) 240

180

0.001/s
600/s
1200/s
2100/s

120

60
0.0

0.2
0.4
0.6
0.8
Normalized frequency (x p rad /sample)

1.0

(c) 200
Amplitude response (dB)
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160

0.001/s
800/s
1600/s
2500/s

120

80

40
0.0

0.2
0.4
0.6
0.8
Normalized frequency (x p rad /sample)

1.0

Figure 4. Amplitude responses in frequency domain of various strain rates in the OP
direction for (a) composite A, (b) composite B and (c) composite C.

Amplitude response (dB)

(a) 100

75

0.001/s
900/s
1600/s
2700/s

50

25
0.00

0.25
0.50
0.75
Normalized frequency (X p rad /sample)

1.00

Amplitude response (dB)

(b) 180

150

0.001/s
600/s
1200/s
2100/s

120
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60
0.00
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Normalized frequency (X p rad /sample)

1.00

(c)
160
Amplitude response (dB)
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120

0.001/s
800/s
1600/s
2500/s

80

40

0
0.0

0.2
0.4
0.6
0.8
Normalized frequency (X p rad /sample)

1.0

Figure 5. Amplitude responses in frequency domain of various strain rates in the IP
direction for (a) composite A, (b) composite B and (c) composite C.
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(b)

Phase (degrees)
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Phase (degrees)
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600/s
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(c)

0.25
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1.00
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0.2
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0.8
1.0
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800/s
1600/s
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0.8
1.0
Normalized frequency (X p rad /sample)

Figure 6. Phase responses in frequency domain of various strain rates in the OP direction
for (a) composite A, (b) composite B and (c) composite C.

6. Discussion
For each of the three composites (A, B and C), we have two directions
(OP and IP) and three graphic results (amplitude and phase responses, and poles
in the Z-plane). These are discussed below either individually or collectively,
whichever is more appropriate.
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Figure 7. Phase responses in frequency domain of various strain rates in the IP direction for
(a) composite A, (b) composite B and (c) composite C.
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Figure 8. Pole distributions of the transfer function of various strain rates in the OP
direction for (a) composite A, (b) composite B and (c) composite C.
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Figure 9. Pole distributions of the transfer function of various strain rates in the IP direction
for (a) composite A, (b) composite B and (c) composite C.
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In order to better characterize the three composite samples using various testing
results acquired, some general rules used in our discussion are summarized below:
(i) In general, the sample response to external loading is dependent collectively
on the matrix, the fibre tow and the bonding interface between them. Since
the matrix and tow are the same for all three composites, we can assume the
differences in interfacial behaviour are negligible so that the composite
behaviour is determined by the distributions of matrix and tow.
(ii) The composites are inhomogeneous because of the multiple phases.
A greater heterogeneity or directionality will yield a larger difference in
the testing results between the out-of-plane (OP) and in-plane (IP)
directions.
(iii) A tighter structure will be more responsive, reflected by more high
frequency components in the corresponding frequency domain results.

6.1. Composite A
We first examine the test results in the OP direction.
For the angle-interlock woven system in the OP direction, its amplitude response
in the frequency domain is shown in figure 4a. For the quasistatic case where
"_ ¼ 0:001 s1 , there are more contributions to the system response from the lower
frequency components, reflected by a declining curve with the frequency. But at
higher strain rate, e.g. "_ ¼ 800 s1 , the influence reversed. It is thus conceivable that
there could be a strain rate where the output signal consists of the components from
all possible frequencies with identical amplitudes, i.e. the composition of the
amplitude becomes nearly independent of the frequency.
For the phase response in figure 6a, the phase difference is negative for
quasistatic loading and positive for high strain rate loading. In other words, at static
or near static stain input, the components of the stress through the entire frequency
range lag behind the input (analogous to a capacitive behaviour in an electric circuit)
by a phase, the value of which depends on specific frequency. Conversely at the high
strain rates, the stress keeps a positive phase with the strain (analogous to
impeditive). More specifically, over the initial part of the frequency domain, this
phase–frequency curve shows some differences at the three stain rates tested; there is
no zero frequency component at "_ ¼ 800 s1 , a maximum at "_ ¼ 2700 s1 and a
medium value in between the two stain rates. The three curves converge, climb up
and then decline to zero as the normalized frequency increases to 1, with major
contributions coming from the component at a frequency around 0.25. Checking the
full range of the stain rate responses, it seems to suggest that there may be a non-zero
strain rate, likely to be the same as that mentioned above, at which the stress will
follow the strain simultaneously. That is, there may be two strain rates at which no
response lags exist between the input and output for the system: one is "_ ¼ 0 or the
static case, and the another, the more interesting one, is "_ ¼ "_o . This strain rate has a
significant practical use, for in theory at this rate, there would be no energy
dissipation and the polymer composite system would behave like a purely elastic one!
The pole–zero plot in the Z-plane in figure 8a is used to examine the stability of
the system transfer function. It is clear that when "_ ¼ 0:001 s1 , the two poles are
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next to each other at the vicinity of the unit circle, one inside and the other outside.
As the strain rate increases, the two poles move towards the centre, with the pole
originally inside moving at a higher rate, and eventually coincide with each other
when the strain rate increases to "_ ¼ 2700 s1 . In other words, when impacted in the
OP direction and with anything else being identical, this composite system is
the most vulnerable or unstable under a static load, and it becomes more stable at
faster impact. Nevertheless, there seems no role for that unique strain rate to play in
the stability analysis.
Next we analyze the behaviour of this angle-interlock woven system when
compressed with various stain rates in the IP direction,
At higher strain rates, i.e. "_ ¼ 1600  2700 s1 in figure 5a, the amplitudes have
more contributions from the lower frequency components. For lower strain rate
cases, however, i.e. "_ ¼ 0:001  800 s1 , the amplitude has a peak for 0.001 s1 and a
deep valley for 800 s1 in the low-frequency regions. According to Z-transform
theory [30], the amplitude responses will have a deep valley if the poles are near the
centre or the zeros near the circumference of the unit circle, and will have a peak
point if the poles near the circumference, as confirmed in figure 9a for ¼ 800 s1.
Looking at the phase responses in figure 7a, the curves seem to lie in the opposite
direction from the OP case in figure 6a; the low strain rate case becomes more
impeditive, and the high strain rate ones more capacitive, lagging behind the input.
It is interesting to note that the peak for the "_ ¼ 0:001 s1 amplitude curve
disappeared in the phase curve, whereas the phase curve for "_ ¼ 900 s1 shows both
a peak followed immediately by a valley at about the same frequency as in the
amplitude case.
As can be seen in the poles plot in figure 9a, this angle-interlock woven system in
the IP direction is not as stable as in the OP direction under dynamic compression,
for as the strain rate increases, there is at least one pole that is always outside the Z
circle. For the two low strain rate cases, "_ ¼ 0:001 and 900 s1 , respectively, the two
poles are located right on the circumference in both curves in figure 9a, indicating
that the system exhibits critical responses. This explains the sudden changes in the
amplitude frequency responses in figure 5a for "_ ¼ 0:001 s1 and 800 s1 , respectively. As the strain rate increases, the system becomes more stable since one pole
moves towards and another moves further away from, but at a slower rate, the centre
of the circle. So in conclusion, the system stability depends on, among other things,
the loading strain rate and loading direction that is related to the structure of the
material.
From the observation of the sample image after testing for "_ ¼ 1600 s1 in both
OP and IP directions [25], it can be shown that more severe system disintegration
occurred when testing is done at the OP direction. Since the composite is more
structurally stable in the OP direction, this enables the material to absorb higher
energy through composite deformation.

6.2. Composite B
Again we first look at the results in the OP direction.
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The amplitude response for composite B is shown in figure 4b. At the quasistatic
strain rate, the amplitude response is nearly independent of the frequency, or such a
compression causes responses made of equal distributions of all frequency
components. Yet at "_ ¼ 800 s1 , the higher frequency components have a higher
contribution. This trend intensifies at even higher strain rates.
For the phase response in figure 6b, ever decreasing contributions from higher
frequency components occur at quasistatic strain compression, and the situation
improves as the strain rate increases. The phase differences become nearly
independent of the frequency except at both ends of the frequency domain.
For the stability analysis in the OP direction shown in figure 8b, composite B
appears to be more stable at lower strain rates, "_ ¼ 0:001 and 800 s1 , but less so at
the two higher strain rates than for composite A.
In the IP direction, the system is weaker and less extensive under compression
than in the OP direction. Nonetheless the amplitude response of composite B shows
an otherwise similar behaviour as in the OP direction, except its frequency response
is not as dramatic. Still there is a drop in the low-frequency region for the phase
response when "_ ¼ 800 s1 and at "_ ¼ 2100 s1 , as shown in figures 5b and 7b; its
amplitude curve is not as monotonic as others, and its phase response is more
impeditive in the first half and more capacitive in the next over the whole frequency
range. Furthermore, composite B is not as stable as composite A at low strain rate
"_ ¼ 0:001 s1 , but its stability increases with strain rate (when "_ ¼ 800 s1 , the
system is in a critical state) and holds up better than for composite A at high strain
rates, as evidenced in figure 9b.

6.3. Composite C
Figures 4c and 6c show the amplitude and phase responses for composite C
compressed from the thickness or OP direction. In the OP direction, the amplitude
distribution in figure 4c increases with the normalized frequency at high strain rates,
but exhibits a peak at low frequency on a near flat curve corresponding to the
quasistatic compression. Strain rate has a more complex impact on the phase
responses in figure 6c. The singular point in the phase response coincides with the
one for amplitude at "_ ¼ 0:001 s1 . The curve for "_ ¼ 800 s1 follows a similar trend
to those of higher strain rates, but turns in the opposite direction in the high
frequency region. The poles plot in figure 8c indicate that once again the system
becomes more stable as strain rate increases from 0.001 to 2500 s1 successively.
In the IP direction, the amplitude responses in figure 5c show rather interesting
features; at "_ ¼ 0:001 s1 and 1600 s1 , the two curves more or less parallel to each
other, showing little dependence on the normalized frequency. The same could
almost be said about the other two strain rates of 800 and 2500 s1, except for the
former there is a deep valley and a large peak for the latter at nearly the same
frequency location for their amplitude responses. This is in fact reflected in their
corresponding pole plots in figure 9c, where the poles are always on the
circumference of the unit circle. For the phase responses in figure 7c, all the drastic
changes occur at the low range of normalized frequency and then the curves level off

Downloaded By: [University of California Davis] At: 16:24 31 October 2007

Three-dimensional textile structural composites under high strain rate compression 5481

at higher frequency range, except at "_ ¼ 2500 s1 where an ever decreasing trend is
observed.
From the pole distribution in figure 9c, as mentioned above, the system stability
changes with strain rate somewhat irregularly. This may reflect the fact that the
space configuration change of the braided tow rather than composite deformation
during the compression, for the change of braided tows’ space configuration will lead
to matrix cracks and interface debonding, thus inducing the instability of structure
and frequency responses.
Overall, composite C is less stable than composites A and B. Within the same
composite, the frequency responses and the system stability are always more
turbulent and irregular in the IP direction.
The samples after testing are shown elsewhere [27], and all the cross-sections
more or less still remain rectangular in shape after the IP compression. The energy
absorption of the composite is mostly due to the change of the space configuration of
braided tows and less due to the composite deformation.

6.4. Among the composites
As can be seen in figures 1, 3 and 5, the 3-dangle-interlock woven composite
(composite A) is the most anisotropic, and the multi-axial warp knitted composite
(composite B) is more uniform in structure because of the fibres in additional
directions. The braided composite (composite C) is known to have the best
integrated structure in multiple directions.
Figures 4c and 6c show the amplitude and phase responses for composite C
compressed from the thickness (OP) direction. It is clear that this braided structure
behaves drastically different from both the woven and knitted structures (composites
A and B), as shown in figures 4a and b and 6a and b, respectively. In the quasistatic
compression test, composite A exhibits a sharp peak on both its amplitude and phase
curves at low normalized frequency (0.1), likely to be its natural frequency where a
resonance took place. Both composites A and B show a simple decreasing trend in
their curves, except in figure 6a the phase lag disappears after reaching a plateau as
frequency increases, a sign of material hardening so as to become more responsive.
The pole distribution in figure 8a also indicates that there is a pole outside the unit
Z circle at frequency ¼ 0.1.
Under high rate impact tests, braided composite C still demonstrates distinct or
even reversed responses at changing frequency and/or strain rate, in comparison with
either composite A or B. Braided structure has more control over the fibres, provides
more instantaneous recovery during deformation and thus shows more ups and
downs, whereas both composites A and B tend to deform continuously with more
monotonic responses.

6.5. Other general comments
For a specific composite structure, there is a given frequency response at a given test
condition. From both the amplitude and phase responses, the transfer function of the
system can be obtained. The discrete transfer function of a system can be optimized
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with the built-in function of ‘‘invfreqz’’ in Matlab when the difference equation is
known. Due to the stability of the transfer functions remaining almost the same
before and after this optimization, the only difference is that the order of the
difference equation will increase. It is therefore possible to improve the composite
design this way.
Based on the experiment results, the influences on the stability or instability of a
system of the test condition (the strain rate), microstructure and property of
composite materials can be summarized below:
(i) Strain rate: under quasistatic compression, there is sufficient time for
stress to propagate to all flaws in a composite, and the accumulative
damage on the material thus depends on all the cracks and flaws. As the
strain rate increases, there is not enough time for stress waves to reach
the flaws, and the damage on composite is thus caused by this limited
amount of flaws. The system will become more stable at higher strain
rate – a fast bullet can penetrate through a wood block without knocking
it down.
(ii) Microstructure: both the 3D woven composite A and 3D braided composite
C have higher structural integrity than the 3D MMWK composite B. In the
OP direction compression, the damage only occurred at the local parts of
the tows in the thickness (loading) direction as the compression strain rate
increases. In quasistatic compression, there is sufficient time for damage
propagation. For the 3D MMWK composite, however, the tows along the
thickness direction are relatively few and weak, the damage is mostly
dominated by matrix crack at different layers. The brittle matrix responds to
external load instantaneously and thus easily crashed into debris under
compression load regardless of the strain rates. Therefore, the 3D MMWK
composite becomes unstable even at high strain rate compression along the
OP direction.
As for the IP compression, because the 3D MMWK composite has higher IP
stiffness and strength than the other two types, this helps compensate the system so
that it becomes more stable.
Table 4 summarizes and compares how different strain rate and microstructure
influence the stability of the 3D textile structural composites under compression
along different directions.
The Z-transform technique can be extended to investigate other behaviour of
composite materials. For example, the application of Z-transform by Gao and
Marcus [33] enabled examination of the interactions between solid/solid interfaces,
Table 4.

Stability comparison of discrete systems of the 3D textile structural composites.

3D woven composite
OP
Strain rate "
Stability "

3D MMWK composite

3D braided composite

IP

OP

IP

OP

IP

Strain rate "
Stability #

Strain rate "
Stability #

Strain rate "
Stability #

Strain rate "
Stability #

Strain rate "
Always unstable
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including charge transfer through diodes and molecular wires. In particular, the
Z-transform, combined with the tight-binding wave functions, can be applied to
study the interface between a ‘‘molecular wire’’ and a metallic surface, and the
contact between nanotubes and metals.

7. Concluding remarks
This work analyzed the compressive behaviour of 3D textile composites in both OP
and IP directions; the behaviour is examined in both time and, especially, frequency
domains. Three types of textile structural composites, i.e. 3D woven composite, 3D
MMWK composite and 3D braided composite, have been compared under
quasistatic state (tested with MTS materials test system) and high strain rate state
(tested with SHPB apparatus) in the frequency domain. First, by taking the
composites as discrete systems, their difference equations and transfer functions are
obtained. Good agreements of the stress–strain curves between the experimental and
fitted results from the difference equations validate the assumption that the
composites can be treated as discrete systems.
The Z-transform is then utilized to analyze the frequency responses and system
stability. For the 3D woven composite (composite A), the amplitude and phase
responses increase in high frequency components with strain rate in both IP and OP
compression; the composite becomes more stable under OP compression yet more
unstable under IP compression as strain rate increases. The 3D MMWK composite
(composite B) exhibited the similar tendency in amplitude and phase responses both
under IP and OP compression. However, it is less stable under OP compression than
under IP compression as strain rate increases. The amplitude response of the 3D
braided composite (composite C) increases initially then decreases in high frequency
contributions afterwards under OP compression when the strain rate increases.
As strain rate increases, the phase responses show no clear tendency both under IP
and OP compression. The composite structure appears more stable under OP
compression as the strain rate increases, and is always unstable under IP
compression.
From the comparison of the system stability for all three textile structural
composites, it is shown that the composite internal structure and the testing strain
rate are the two major factors influencing system stability. Further studies should be
conducted to investigate in more detail the relationships between the compressive
mechanical behaviour, damage modes, and frequency responses of the composites
and the system stability at various strain rates.
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