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Abstract

The equilibrium of static friction in tension transmission by an inextensible elastic rod gripped by two plates with round edges was

modeled and solved analytically. To proceed, we established equilibrium equations in the deflected and circular edged regions,

respectively, and then combined the results together. In both deflected and circular edged region, the condition of cantilever beam with

clamped end maintaining a continuous contact was assumed to avoid corresponding mathematical complexity. As a result, we expressed

the gripping force in terms of the contact angle, the inclined angle of load, the radius ratio and the initial tension in our results.

More specifically, a more precise but still analytical relationship between the incoming and outgoing tensions including the effect of the

rod bending rigidity was derived through the analysis of the circular edged region; it turned out that the radius ratio is the only parameter

representing the bending rigidity in the tension ratio. To analyze the deflected region, the classical elastica analysis in terms of an elliptic

integral was adopted. Based on the results, the effect of radius ratio and frictional coefficient on the derived force ratio was investigated.

As a result, the bending rigidity can be ignored above the range of r � 100. But the tension transmission decreases by 29.1% relative to

the classical case at the range of r � 5. In addition, the effect of inclined load on the derived gripping force was also investigated.

r 2007 Published by Elsevier Ltd.
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1. Introduction

A tensioned rod or film in contact with a circular shaped
body is frequently seen in many mechanical set ups and
applications. A well-known relationship is the capstan
equation [1]. It is very useful for analyzing the process in
company with the contact, since the frictional forces are the
basis of what holds the equilibrium. However, this
equation is not applicable to non-flexible materials because
of the involvement of bending moment. Stuart [2] modified
the capstan equation, and more thoroughly Jung et al. [3]
revised it by including the bending rigidity and radius
effect. Another well-known situation is a tensioned rod or
film gripped with pressure by the two circular edged plates.
This situation can easily be found in textile, film, fiber and
yarn processes. Pilled fiber from the fabric undergoes a
e front matter r 2007 Published by Elsevier Ltd.
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similar process, and the pull out behavior also shows such a
phenomenon, widely known as the shear lag problem.
While we frequently encounter such problems of the

tension transmission in many mechanical processes, as is
often the case, its approach has been done in rough or
approximate way, especially in fibrous and textile area.
Although more thorough study was made at Ref. [3], their
approach left something to be desired because they used
some critical assumptions in applying the force equilibrium
to find the incoming and outgoing tension. Therefore, more
accurate and rigorous approach should be made through
this work.

2. Mathematical modeling

Fig. 1 shows an elastic rod gripped with pressure P and
frictional coefficient m0 by two plates of unit thickness
whose curvature at the edge is a constant value of 1=r2. The
rod is pulled out with tension force T1 at certain angle f of

www.elsevier.com/locate/ijmecsci
dx.doi.org/10.1016/j.ijmecsci.2007.03.003
mailto:npan@ucdavis.edu


ARTICLE IN PRESS

Nomenclature

P gripping force
T tension force
Q shear force
N normal force
Fm frictional force
M bending moment
EI bending rigidity of the rod
m static frictional coefficient between rod and

circular shaped body at contact region
m0 static frictional coefficient between rod and

plate at gripped region

r1 radius of the rod
r2 radius of the circular shaped body
R total radius, r1 þ r2
s arc length from the tip end
$ slope angle at arbitrary position of non-contact

region
g slope angle at pulled tip
r radius ratio between rod and body, r2=r1
o actual inclined angle of pull-out tension T1

f apparent inclined angle of pull-out tension T1

j contact angle from the start point to arbitrary
point

y total contact angle

Fig. 1. An elastic rod gripped with pressure P by the two plates whose

curvature at the edge is a constant value of 1=r2.
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inclination measured from the fixed vertical line. Once the
rod comes out from the gripped region, it contacts closely
with the circular edge over a contact angle y, beyond which
the contact ceases and the rod deflects as if it were a
cantilever beam in the boundary condition of one-end-
clamp. Due to existence of frictional forces at both the
gripped and contact regions, the rod is at a static
equilibrium. For convenience of analysis, all existent
contacts are regarded as continuous. The possibility of
discrete contacts can be avoided by assuming that the
contact angle y is smaller than 1801, or that the tension
remains positive so that the inclined angle g of tension is
smaller than 901. Therefore, we confine the range of o as
0ooop=2. The range of g lies in 0ooop (see Ref. [2]).
We also assume that the rod is a linear elastic inextensible
material for convenience. To proceed with the analysis, one
must consider the equilibrium at both the deflected and
circular edged regions.
2.1. Equilibrium at deflected region

Fig. 2 shows a schematic diagram of the equilibrium
shape of the rod at the deflected region. In this region, the
rod is treated as a cantilever beam in with one-end-
clamped. First, the equilibrium equations at point O are as
follows:

M1 ¼ T1X sino� T1Y coso, (1)

MðsÞ ¼M1 þ T1y coso� T1x sino

¼ T1ðX � xÞ sino� T1ðY � yÞ coso, ð2Þ

MðsÞ ¼ EI �
d$

ds

� �
;

dM

ds
¼ �EI

d2$

ds2

� �
, (3)

d2$

dx2
¼ �l2 sinðo�$Þ, (4)

x ¼
s

L
; l ¼

T1L

EI
, (5)

where M1 is the bending moment acting at the clamped
end, x the normalized arc length, and X and Y are the
horizontal and vertical deflections relative to the clamped
end, respectively. Normalized boundary conditions are the
following:

$ ¼ g;
d$

dx
¼ 0 when x ¼ 0 at the free end, ð6aÞ

$ ¼ 0 when x ¼ 1 at the clamped end. ð6bÞ

Integrating Eq. (4) and determining the integral constant
with the boundary condition yields the following:

dx ¼
�dc

l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 c

q , (7)
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Fig. 2. Schematic diagram of the equilibrium shape of the rod at the

deflected region.

Fig. 3. Exaggerated free body diagram of a rod in contact with a circular

edged body.
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where x is an intermediate parameter and k, c are defined
as below:

k ¼ sin
p� oþ g

2
¼ cos

o� g
2

� �
,

k sinc ¼ sin
p� oþ$

2
¼ cos

o�$
2

� �
. ð8Þ

The transformed boundary conditions are the following:

x ¼ 0; $ ¼ g; c ¼
p
2
, (9a)

x ¼ 1; $ ¼ 0; c ¼ cc; cc ¼ arcsin
cosðo=2Þ

cosððo� gÞ=2Þ

� �
.

(9b)

Integrating Eq. (7) and calculating the tip coordinates X

and Y gives

l ¼

ffiffiffiffiffiffiffiffiffiffiffi
T1L

2

EI

s
¼ F k;

p
2

� �
� F ðk;ccÞ, (10)

X ¼

ffiffiffiffiffiffi
EI

T1

r
2 coso G k;

p
2

� �
� Gðk;ccÞ

n oh
� coso F k;

p
2

� �
� F ðk;ccÞ

n o
� k sino coscc

i
, ð11aÞ

Y ¼

ffiffiffiffiffiffi
EI

T1

r
2 sino G k;

p
2

� �
� Gðk;ccÞ

n oh
� sino F k;

p
2

� �
� F ðk;ccÞ

n o
� k coso coscc

i
, ð11bÞ

where F ðk;cÞ and Gðk;cÞ are the standard elliptic
integral of first and second kind, respectively. Detailed
procedure of derivation will be presented in Appendix A.
Substituting the above results into Eq. (1) gives the
following equation:

M1 ¼
ffiffiffiffiffiffi
EI
p

�
ffiffiffiffiffiffi
T1

p
� k coscc (12a)

or;
M1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EI � T1

p ¼ cos
o� g
2

� �
cos arcsin

cosðo=2Þ
cosððo� gÞ=2Þ

� �� �
.

(12b)

Eqs. (10)–(12) are the results at the deflected region.
They will be used to calculate the transmitted tension T t

and the force ratio P=T1 in terms of T1, o, g, y and
other parameters together with the results of the next
section.
2.2. Equilibrium at the circular edged region

To establish the equilibrium equation at the contact
region, we must take into account the force and moment
elements acting on the free body diagram in Fig. 3.
Considering the force balance along with 1 and 2 directions
and the moment balance at point O, we obtain the three
equilibrium equations as follows:

X
F1 ¼ ðT þ dTÞ cos

dj
2
� T cos

dj
2
þ ðQþ dQÞ sin

dj
2

þQ sin
dj
2
� dFm ¼ 0, ð13Þ

X
F2 ¼ ðQþ dQÞ cos

dj
2
�Q cos

dj
2
� ðT þ dTÞ sin

dj
2

� T sin
dj
2
þ dN ¼ 0, ð14Þ
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X
M0 ¼ ðM þ dMÞ �M � ðQþ dQÞ

Rdj
2

�Q
Rdj
2
þ dFmr1 ¼ 0, ð15Þ

where T , Q, M is the tension, shear force and bending
moment, N and Fm is the normal and frictional force, m is
the frictional coefficient between rod and body in the
circular contact region, j is an angle measured from the
start point of contact to an arbitrary point in the contact
region, y the whole contact angle, r1 and r2 are the radii of
curvature of the rod and the circular edge, respectively, and
R ¼ r1 þ r2. In Eq. (15), the origin of Q and T is considered
to be on the centerline of the fiber, while the origin of N

and Fm on the contact surface. Taking the limit dj! 0
and rearranging Eqs. (13)–(15) give the following three
differential equations:

dT þQdj� dFm ¼ 0, (16)

dQ� T djþ dN ¼ 0, (17)

dM �QR djþ r1 dFm ¼ 0, (18)

r ¼
r2

r1
; R ¼ r1 þ r2.

Bearing in mind that the rod is a linear elastic material and
the contact profile is circular, we can derive the following
equations:

m
d2T

dj2
þ ð1þ rÞ

dT

dj
� mrT ¼ 0, ð19Þ

dFm

dj
¼

1þ r
r

dT

dj
; Q ¼

1

r
dT

dj
; F ¼ mN,

M ¼M0 ¼
E

R
�
pr41
4
;

dM

dj
¼ 0. ð20Þ

Eq. (19) together with Eqs. (20) is the governing equation
of equilibrium at the contact region. It has the following
analytical solution:

TðjÞ ¼ C1e
aj þ C2e

bj,
dðSF Þh ¼ � ðT þ dTÞ sinðjþ djÞ þ T sinj� ðQþ dQÞ cosðj

þ dN cos jþ
dj
2

� �
þ dFm sin jþ

dj
2

� �
¼ � sinjdT � T cosjdj� cosjdQþQ sinjdjþ co

dðSF Þv ¼ ðT þ dTÞ cosðjþ djÞ � T cosj� ðQþ dQÞ sinðjþ

þ dN sin jþ
dj
2

� �
� dFm cos jþ

dj
2

� �
¼ cosjdT � T sinjdj� sinjdQ�Q cosjdjþ sinj
a ¼
�1� r�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ rÞ2 þ 4m2r

q
2m

,

b ¼
�1� rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ rÞ2 þ 4m2r

q
2m

. ð21Þ

Applying the above condition to Eqs. (20) and solving
them generates the following formulae:

Q ¼
1

r
dT

dj
¼

1

r
ðC1aeaj þ C2bebjÞ, ð22Þ

dN ¼
1þ r
mr

dT

dj
¼

1þ r
mr
ðC1aeaj þ C2bebjÞdj, ð23Þ

dFm ¼
1þ r
r
ðC1aeaj þ C2bebjÞdj. ð24Þ

Boundary condition of Eq. (21) is the following:

Tð0Þ ¼ C1 þ C2 ¼ T1 coso. (25)

Yet we cannot determine integral constants C1 and C2

from the above equations alone. Therefore, we need one
more relationship to determine them. We will find it in next
section.
2.3. Expression of transmitted tension and force ratio

To find the relationship between C1 and C2, we must
consider the total force equilibrium combining the results
from both Sections 2.1. and 2.2. Fig. 4 shows a general
sketch of the equilibrium state of the rod under the inclined
tension and the frictional gripping force. Since the rod
comes into contact with the plate at the circular edge, there
will exist tension, shear, normal and frictional forces. They
will collectively assure a static equilibrium so that the rod
may not slide or move.
To establish the force and moment equilibrium, we must

calculate the infinitesimal element of force and moment by
considering the microscopic element as shown in Fig. 5.
Fig. 5 shows all the existing forces and moment acting on
the infinitesimal element of the rod. From Fig. 5, the force
element according to the h and v direction, and moment
element acting on point ‘‘A’’ can be calculated as follows
respectively:
þ djÞ þQ cosj

sjdN þ sinjdFm, ð26Þ

djÞ þQ sinj

dN � cosjdFm, ð27Þ
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Fig. 5. Microscopic view of the equilibrium condition of force elements

existing at the circular edged region and its boundary.

Fig. 4. Macroscopic view of the equilibrium shape of a rod under the

inclined tension and the frictional gripping force.
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dðSMÞA ¼ ðT þ dTÞR� TRþM þ dM

�M � r2 dFm ¼ RdT þ dM � r2 dFm ¼ 0

since dT ¼
r2

R
dFm; dM ¼ 0

� �
. (28)

Eq. 28 implies that the moment acting at point ‘‘A’’ is
always zero, which leads to indeterminate solution. Mean-
while, the total summation of the force element according
to the h direction should be zero by static equilibrium of
whole contact region. Or

ðSF Þh ¼

Z y

0

dðSF Þh

¼ �

Z y

0

sinjdT �

Z y

0

T cosjdj

�

Z y

0

cosjdQþ

Z y

0

Q sinjdj

þ

Z y

0

cosjdN þ

Z y

0

sinjdFm ¼ 0. ð29Þ

Substituting Eqs. (21)–(24) into Eq. (29) and rearranging it
gives the following:

C1AaðyÞ þ C2AbðyÞ ¼ 0,

AkðyÞ ¼ f kðyÞ �k þ
k

r
þ
ð1þ rÞk

r

� �

þ gkðyÞ �1�
k2

r
þ
ð1þ rÞk

mr

� �
,

f kðyÞ ¼
Z y

0

ekj sinjdj

¼
keky sin yþ ð1� eky cos yÞ

k2
þ 1

,

gkðyÞ ¼
Z y

0

ekj cosjdj

¼
eky sin y� kð1� eky cos yÞ

k2
þ 1

. ð30Þ

Combining the above equation with Eq. (25) gives the
following:

C1 ¼
AbðyÞ

AbðyÞ � AaðyÞ
T1 coso,

C2 ¼ �
AaðyÞ

AbðyÞ � AaðyÞ
T1 coso. ð31Þ

Substituting Eq. (31) into (21) and putting j ¼ y yield the
result below.

TðyÞ
Tð0Þ
¼

AbðyÞ eay � AaðyÞ eby

AbðyÞ � AaðyÞ
. (32)

Eq. (32) is the modified capstan equation with rod rigidity.
Note that it is independent of the configuration of deflected
region. So the usage of Eq. (32) is not confined to our
specific case; it should provide correction to existing
approaches in dealing with such problems.
It should also be noted that when including the bending

rigidity EI of the rod, the modulus of the rod E itself does
not appear in the tension ratio. Instead, the ratio of the
radii takes the place. In other words, the tensile modulus of
the rod E only influences the value of Tð0Þ and the
equilibrium configuration in the deflected region. Whereas
the radius ratio here acts as the parameter reflecting the
rigidity effect. Bearing in mind that Tð0Þ ¼ T1 coso and
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TðyÞ ¼ T2 ¼ 2m0P, we can obtain the following equations:

P

T t
¼

P

T1 coso
¼

1

2m0
�

AbðyÞ eay � AaðyÞ eby

AbðyÞ � AaðyÞ
. (33)

Eq. (33) is the ratio between input tension and gripping
force. Similarly, it is the individual value of T1 that is
affected by the bending rigidity of the rod, not the force
ratio P=T1. Combining the above equation with (12) gives

PR2

EI
cos

1� k
2

o
� �

� cos arcsin
cosðo=2Þ

cosððð1� kÞ=2ÞoÞ

� �� �	 
2

¼
coso
2m0
�

AbðyÞ eay � AaðyÞ eby

AbðyÞ � AaðyÞ
, ð34Þ

where k is the ratio between inclined angle and tip slope
angle, or k ¼ g=o ð0oko1Þ. From Fig. 1 or 4, the variable
o is expressed in terms of y and f as

o ¼ f� yþ
p
2
ð0pyppÞ. (35)

Substituting the above equation into Eq. (34) gives the
following:
PR2

EI
¼

cosðf� yþ p=2ÞfAbðyÞ eay � AaðyÞ ebyg

2m0 cosððð1� kÞ=2Þðf� yþ p=2ÞÞ � cos arcsin
cosð1=2Þððp=2Þ þ f� yÞ

cosððð1� kÞ=2Þððp=2Þ þ f� yÞÞ

� �� �	 
2
� fAbðyÞ � AaðyÞg

, (36)
where

AkðyÞ ¼ f kðyÞ �k þ
k

r
þ
ð1þ rÞk

r

� �

þ gkðyÞ �1�
k2

r
þ
ð1þ rÞk

mr

� �
ðk ¼ a;bÞ,

f kðyÞ ¼
keky sin yþ ð1� eky cos yÞ

k2
þ 1

,

gkðyÞ ¼
eky sin y� kð1� eky cos yÞ

k2
þ 1

,

a ¼
�1� r�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ rÞ2 þ 4m2r

q
2m

,

b ¼
�1� rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ rÞ2 þ 4m2r

q
2m

,

R ¼ r1 þ r2; r ¼ r2=r1,

k ¼
g
o
¼

g
f� yþ p=2

ð0pypp; 0oko1Þ.

Eq. (36) is the mathematical manipulation of gripping force
in terms of seven parameters—f; y; g;EI ;r;m and m0. From
the above result, we only need two loading conditions ðf; gÞ
to calculate the gripping force with given geometry—r; y
and material properties—EI ;m and m0. Since it is the final
relationship between gripping force and given parameters,
it is enough for our goal.
However, we encounter an important question: What is

the difference between our result and well-known capstan
equation? If on the other hand we use the classical capstan
equation to find the ratio between gripping force and
transmitted tension, the result can easily be derived as
below:

P

T t
¼

P

T1 coso
¼

1

2m0
emy. (37)

Unfortunately the above equation is physically impossible
when the bending rigidity of the rod exists. Note that
Eq. (33) is more generalized one in the existence of bending
rigidity. It also reflects on the effect of radius ratio. If we
want more rigorous approach, no doubt we should choose
Eq. (33). However, the results are not simple compared
with classical capstan equation, nor the obtained result is
the same as previous results [1–3]. Therefore we need to
compare our result with the classical capstan equation, in
that we can figure out how much the error level by
choosing classical capstan equation, instead of our results.
In order to do so, it is more convenient to choose Eq. (33)
than choosing Eq. (36). The effect of inclined angle, radius
ratio and frictional coefficient on the difference between
classical capstan equation and our result will be presented
in Results and Discussions.
3. Results and discussion

It is clear that the inclined angle o is not included
in the right side of Eqs. (33) and (36). So it does not
affect the difference between the force ratios calculated by
(33) and (37). We are to compare the tendencies of force
ratio versus contact angle with each other under the
following two different conditions in Cases 1 and 2, which
is selected to investigate the influence of the frictional
coefficient, and radius ratio on the graph of force ratio
versus contact angle at given ratio of g=o ¼ 0:5. During
our calculations, the range of contact angle y is chosen as
30�pyp150�; the frictional coefficient in the gripped
region m0 is assumed the same as in the circular contact
region m ¼ m0. To avoid potential discontinued contact
problem, the range of o and g is confined within the range
of 0ogooop=2.
Case 1 (m variation): The values of m; r2, o and g are

chosen as follows:

m ¼ 0:2; 0:6; o ¼ 40�; r2 ¼ 100r1. (37a)
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Case 2 (r2=r1 variation): The values of m, r2, o and g are
chosen as follows:

m ¼ 0:4; r2=r1 ¼ 5; 10; 50; 100; o ¼ 40�. (37b)

3.1. Results under Case 1—effect of frictional coefficient m

Figs. 6a and b show the force ratio versus given total
contact angle for Case 1. Although it is clear that the
Fig. 6. Comparisons of force ratio of P=T t versus y with classical capstan

equation at given parameters of r2 ¼ 100r1, o ¼ 40� and g ¼ 0:5o for

different choice of (a) m ¼ 0:2, (b) m ¼ 0:6.
classic capstan theory always overestimates the results due
to ignoring the bending effect; the error level is not so large
than expected under given radius ratio of r ¼ 100. The
maximum error was calculated as 3.95% for m ¼ 0:6,
y ¼ 150�. So the difference between our result and classical
capstan equation is negligible.
Fig. 7. Comparison of force ratio of P=T t versus y for m ¼ 0:4, o ¼ 40�,

g ¼ 0:5o with different choices of r ¼ 5, 10, 50, 100 with classical capstan

equation.

Fig. 8. Normalized gripping force versus f for m ¼ 0:4, o ¼ 40�, g ¼ 0:5
with different choices of r ¼ 5; 10; 50; 100 with classical capstan equation.
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3.2. Results under Case 2—effect of radius ratio

Fig. 7 shows the force ratio versus the contact angle
for Case 2. Also the classical capstan equation over-
estimates the force ratio due to neglecting the bending
rigidity of the rod. However, unlike the Case 1, the error
level is sensitive to the radius ratio and cannot be negli-
gible at low level of radius ratio. The error level itself
grows smaller as the radius ratio grows larger. Over the
range of r ¼ 100, there is no actual difference between
our results and classical one. But the error level is up to
29.1% for the radius ratio of r ¼ 5. That is, a thinner
rod or a thicker pressing plate leads to a smaller error.
It is natural tendency since the bending rigidity is directly
involved in the radius of the rod. Second moment of
area I is the function of the radius of the rod. If the
radius of the rod increases, the bending rigidity of the
rod also increases, whereas the radius ratio decreases.
In fact, the classical capstan equation is the special case
of r1 ¼ 0. But more important tendency is that the
error depends on the radius ratio, not the radius of
the rod itself. It implies that we can diminish the
error without changing the properties of the rod
by choosing the contact body with larger radius of
curvature.

3.3. Effect of inclined angle of load from fixed axis f on the

gripping force

From Eq. (36), the gripping force is directly involved
with the inclined angle of loadðfÞ from fixed axis. So we are
to calculate the normalized gripping force PR2=EI at given
value of o ¼ 40�, g ¼ 0:5o:

m ¼ 0:4; r ¼ 5; 10; 50; 100; 0�pfp90�. (37c)

Fig. 8 shows the graph of normalized gripping force
versus f for m ¼ 0:4, o ¼ 40�, g ¼ 0:5 with different
choices of r ¼ 5; 10; 50; 100. Since the value of o and g
is fixed, the inserted tension T1 is constant. The above
graph shows the reasonable tendency that the more
inclined angle is exerted, the more gripping force is
required for the rod not to be on slip. Meanwhile,
X ¼
L

l

Z p=2

cc

cos$dx ¼
L

l

Z p=2

cc

ð1� 2k2 sin2 cÞ cosoþ k sino sinc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 c

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 c

q dc, ðA:3aÞ

Y ¼
L

l

Z p=2

cc

sin$dx ¼
L

l

Z p=2

cc

�k coso sinc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 c

q
þ ð1� 2k2 sin2 cÞ sino

l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 c

q dc, ðA:3bÞ
increasing radius ratio leads to the increase of the required
gripping force. Increasing the radius ratio is equal to
decrease the bending rigidity. So the required gripping
force grows larger.
4. Concluding remarks

We established the mathematical model for explaining
the tension transmission of an elastic rod gripped by two
circular-edged plates by combining the analysis of contact
and non-contact region. In contact, we derived new
fundamental differential equations explaining the contact
between the rod and body, which leads to the generalized
capstan equation with bending rigidity. In non-contact
region, we used well-known elastica analysis. By combining
two results, we obtained the expression for gripping tension
in terms of several geometrical, material and loading
parameters. As more rigorous approach than previous
attempts, the method of finding the relationship between
incoming tension and gripping force was shown in detail,
which leads to the exact manipulation of the capstan
equation with rigidity. Parametric study carried out in
Results and Discussion showed that the classical capstan
equation could be acceptable as reasonable approximation
in most case, while it is not correct at low level of radius
ratio. The most important parameter affecting the differ-
ence between our result and the classical one turned out to
be the radius ratio.
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Appendix A

Integrating the above Eq. (7) gives

l
Z 1

0

de ¼
Z p=2

cc

dcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 c

q . (A.1)

The above leads to Eq. (10). The infinitesimal elements dx

and dy are expressed as

dx ¼ Ldx cos$; dy ¼ Ldx sin$. (A.2)

Integrating the above gives
where the first definite integral in the above equations was
expressed in terms of c using the theorem of the addition in

trigonometric functions. Similarly they lead to Eqs. (11).
Substituting the above into Eqs. (11) leads to Eq. (12a).
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Finally, substituting Eq. (20) into (12a) leads to Eq. (12b).
The standard elliptic integral of first and second kind is
defined as

F ðk;cÞ ¼
Z c

0

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 x

p ,

Gðk;cÞ ¼
Z c

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 x

p
dx. ðA:4Þ
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